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Abstract

Existing AI memory systems, such as Zep, Letta, and Mem0, have made significant
strides in providing agents with long-term context, temporal reasoning, and self-
managed memory through sophisticated centralized architectures. However, a
different class of problem emerges when knowledge is distributed across multiple
contributors, whether human or AI. This paper introduces Crystallization Theory, a
conceptual framework that addresses the challenge of validating and synthesizing
knowledge in decentralized, federated cognitive networks. We propose three
interlocking components: 1) Crystallization Theory, a mechanism for knowledge
to emerge and solidify through multi-contributor confirmation and decay, inspired
by Hebbian learning; 2) Communal Inference Reinforcement (CIR), a training
paradigm that rewards inference from sparse, shared signals rather than retrieval
from dense, private context; and 3) Core Memory, a two-layer architecture that
separates agent-discovered technical patterns from human-provided contextual
insight.

Figure 1: Crystallization Theory Overview
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Abstract

Existing AI memory systems, such as Zep, Letta, and Mem0, have made significant strides in
providing agents with long-term context, temporal reasoning, and self-managed memory through so-
phisticated centralized architectures. However, a different class of problem emerges when knowledge
is distributed across multiple contributors, whether human or AI. This paper introduces Crystallization
Theory, a conceptual framework that addresses the challenge of validating and synthesizing knowl-
edge in decentralized, federated cognitive networks. We propose three interlocking components: 1)
Crystallization Theory, a mechanism for knowledge to emerge and solidify through multi-contributor
confirmation and decay, inspired by Hebbian learning; 2) Communal Inference Reinforcement (CIR),
a training paradigm that rewards inference from sparse, shared signals rather than retrieval from
dense, private context; and 3) Core Memory, a two-layer architecture that separates agent-discovered
technical patterns from human-provided contextual insight.

The core insight is that variance between similar experiences, when triangulated across multiple
contributors, reveals structure and leads to the emergence of universal principles. While existing
research has explored federated knowledge aggregation and temporal reasoning, this paper argues
that two concepts remain underexplored: 1) variance-based principle extraction, where the variance
between multiple contributors’ experiences is used to triangulate on universal principles, and 2)
Communal Inference Reinforcement (CIR), a training paradigm that explicitly rewards inference
from shared knowledge over retrieval from private context. We position Crystallization Theory as a
framework that unifies these concepts and provides a validation roadmap for their empirical testing.

1 Introduction

The AI memory infrastructure market has matured dramatically, with over $45 million in disclosed
funding flowing to startups building dedicated memory layers. The past two years have seen a
paradigm shift, moving from simple retrieval-augmented generation (RAG) to sophisticated, stateful
memory systems. Architectures like Zep [13], Letta (formerly MemGPT) [11], and Mem0 [9] have
demonstrated impressive capabilities in temporal reasoning, self-directed memory curation, and
enterprise-scale knowledge management. These systems effectively solve the problem of providing a
single agent with persistent, long-term context. Recent theoretical work has also revealed fundamental
limitations in transformer architectures’ capacity for sequential reasoning [10], motivating exploration
of alternative mechanisms.

Figure 2: AI Memory Infrastructure Market Landscape (2023-2025)

However, a different and equally important challenge remains largely unexplored: how do we build
a shared, validated understanding of the world when knowledge is distributed across a network of
independent contributors? How does a collective intelligence distinguish between signal and noise,
fact and opinion, or universal principle and situational artifact?
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This paper introduces Crystallization Theory, a conceptual framework for knowledge validation
and synthesis in federated cognitive networks. It is not intended to replace existing centralized
memory systems but to complement them by addressing the unique dynamics of multi-contributor
environments. Our work is inspired by the observation that variance between similar experiences,
when analyzed across a population, is not noise to be discarded but a signal that reveals underlying
structure.

We propose three interlocking components:

1. Crystallization Theory: A process where knowledge emerges from the contributions of
multiple agents. Memories are confirmed, extended, or contradicted by the experiences of
others. Over time, confirmed memories crystallize into stable, high-confidence knowledge,
while unconfirmed memories decay and are shed. This mechanism acts as a form of natural
selection for knowledge, inspired by Hebbian learning principles [6].

2. Communal Inference Reinforcement (CIR): A training paradigm that rewards agents for
solving problems with minimal private context, forcing them to rely on the crystallized
knowledge of the collective. This shifts the incentive from retrieval to inference, promoting
a deeper understanding of the problem space.

3. Core Memory Architecture: A two-layer memory model that separates the objective,
technical patterns discovered by AI agents from the subjective, contextual insights provided
by human contributors. This acknowledges that true understanding requires both.

2 Related Work

The field of AI memory has evolved rapidly beyond simple retrieval-augmented generation (RAG).
The current state-of-the-art is dominated by sophisticated, centralized memory systems that provide
agents with long-term, stateful context. Our work builds on the insights from these systems while
exploring a different, complementary dimension: federated knowledge crystallization.

2.1 Centralized, Single-Agent Memory Systems

Zep and Graphiti (Temporal Knowledge Graphs): The most recent advance in this area comes
from Rasmussen et al. [13], who introduced Zep, a memory layer service featuring the Graphiti engine.
Published in January 2025, this work established a new state-of-the-art, outperforming MemGPT
on the Deep Memory Retrieval (DMR) benchmark (94.8% vs. 93.4%). Zep’s key innovation is its
temporally-aware knowledge graph, which dynamically synthesizes unstructured conversational data
with structured business data, maintaining historical relationships over time.

Letta, formerly MemGPT (Self-Managing Memory): Originally proposed by Packer et al. in 2023
[11], the system now known as Letta pioneered the concept of an agent managing its own memory,
inspired by operating system principles. Its virtual context management allows for self-editing
memory blocks and ‘sleep-time compute’ for memory consolidation.

Hindsight (Open-Source Breakthrough): The most significant December 2025 advance came from
Hindsight, an open-source architecture achieving a record 91.4% on the LongMemEval benchmark
[14]. Its four-network separation (world, bank, opinion, observation) validates Crystallization
Theory’s proposition that epistemically distinct memory types require architectural separation, leading
to a 79.7% improvement in temporal reasoning.

State Space Models (Alternative Approach): Concurrent work on State Space Models, particularly
Mamba [5], addresses temporal processing through linear-time sequence modeling with significantly
higher inference throughput than transformers. However, these approaches optimize temporal
processing efficiency rather than addressing temporal awareness emergence from multi-contributor
confirmation—a distinct problem that Crystallization Theory targets.

2.2 Context Engineering as a Discipline

Our work on the Core Memory architecture, conceived in November 2025, anticipated a broader
industry trend that became evident in late December 2025: the formalization of ‘Context Engineering’
as a core discipline. Both Anthropic [1] and Google [4] released comprehensive frameworks and tools
centered on the idea that managing an AI’s context is as important as the intelligence of the model
itself. Anthropic’s playbook explicitly states, ‘intelligence is not the bottleneck, context is.’ This
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validates the premise of our Memory Wizard—a dedicated agent whose primary role is knowledge
curation.

2.3 Federated Learning and Multi-Contributor Systems

While single-agent memory has matured, parallel advances in federated learning provide direct support
for Crystallization Theory’s multi-contributor approach. Google’s PATE (Private Aggregation of
Teacher Ensembles) provides a direct implementation of our confirmation mechanism [12]. Multiple
‘teacher’ models vote on predictions, and critically, ‘when consensus is sufficiently strong, noise does
not alter output.’ This mirrors how knowledge crystallizes through multi-source confirmation.

Runtime Learning (Google Titans): Google’s Titans architecture [3] introduced long-term memory
modules that learn during inference, with parameters changing dynamically based on input. This
represents a form of runtime crystallization that aligns with our framework’s premise that knowledge
should evolve through use, though it operates within a single-agent paradigm.

Manifold-Constrained Aggregation (mHC): Recent work on manifold-constrained hyper-
connections [16] demonstrates mathematical principles for multi-stream aggregation that parallel
Crystallization Theory’s multi-contributor consensus mechanism. Both frameworks solve the fun-
damental problem of aggregating diverse inputs while preserving signal stability—mHC through
projection onto the Birkhoff polytope, CT through confirmation-weighted consensus (see Appendix
G.4 for detailed comparison).

2.4 Positioning of Crystallization Theory

Crystallization Theory does not compete with these systems; it asks a different question. While
Zep, Letta, and Mem0 focus on how a single agent remembers, Crystallization Theory asks: How
does a collective of agents agree on what is true? Our framework’s novelty lies in three areas: 1)
Multi-Contributor Triangulation, 2) Variance as Signal, and 3) Federated Knowledge Emergence.

Figure 3: Comparison of Memory System Approaches

Table 1: Comparison of memory system approaches. Crystallization Theory row represents proposed,
not empirically validated, capabilities.

System Temporal Noise Handling Evolution Scale Behavior

Mem0 [9] Timestamps Graph-based Manual
curation

Linear growth

Letta [11] Session-based Self-editing Automatic Moderate
Graphiti
[13]

Bi-temporal Similarity-based Limited Moderate

Standard
RAG

None Embedding similarity None Linear growth
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System Temporal Noise Handling Evolution Scale Behavior

Transformers Training-time N/A Retraining Constant
Crystal.
(proposed)

Federated Confirmation Natural
selection

Sublinear

3 Crystallization Theory

Crystallization Theory proposes a mechanism for knowledge to emerge, strengthen, and become
validated over time through the collective experience of multiple contributors. The theory is built on
the idea that memories are not static but are living entities that compete for relevance and survival in
a shared cognitive space.

3.1 The Lifecycle of a Memory

A memory, in this context, is a discrete piece of knowledge—a problem-solution pair, a factual
statement, or an observed pattern. Each memory has a lifecycle driven by its interaction with new,
incoming information from various contributors:

Figure 4: Memory Lifecycle States and Transitions

1. Arrival: A new memory is introduced by a contributor with low confidence, marked as
novel.

2. Pattern Matching: The system checks for similar existing memories by problem structure.

3. Interaction: CONFIRMS (reinforces), EXTENDS (adds context), CONTRADICTS (chal-
lenges), or SUPERSEDES (replaces).

4. Crystallization: Frequently confirmed memories increase in weight and crystallize into
stable knowledge.

5. Decay and Shedding: Unconfirmed or contradicted memories gradually lose weight and
are shed.

3.2 The Shedding Mechanism: A Proposed Heuristic

To formalize the decay process, we propose a heuristic formula for calculating the weight (W ) of a
memory1:

W =
C ×R× V

A
(1)

1Patent Pending: The crystallization weight formula, lifecycle state transitions, and related methods
described herein are the subject of U.S. Provisional Patent Application No. 63/953,509.
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where:

• C = Confirmations (unique contributors who confirmed)
• R = Recency (exponential decay factor)
• V = Relevance (applicability measure)
• A = Age Factor (logarithmic dampening)

Based on this weight, we propose thresholds:

• W > 0.8 = CRYSTALLIZED
• 0.4 < W ≤ 0.8 = ACTIVE
• 0.1 < W ≤ 0.4 = DECAYING
• W ≤ 0.1 = SHED

Figure 5: Weight Formula and State Thresholds

3.3 Parallel to Hebbian Learning

This process mirrors Hebbian learning principles [6], often summarized as ‘neurons that fire together,
wire together.’ Recent theoretical work has established that transformer architectures belong to the
TC0 circuit complexity class, meaning they cannot simulate even simple finite automata and thus have
fundamental limitations in sequential and temporal reasoning [10]. This computational limitation
motivates our search for alternative mechanisms.

Recent work on biologically-inspired architectures, such as the Dragon Hatchling (BDH) model
[7], has demonstrated that Hebbian synaptic plasticity can match GPT-2 performance at equivalent
parameter counts (10M-1B parameters) while learning faster per data token. The BDH architecture
uses local edge-reweighting where synapses update based purely on the states of connected neurons—
strengthening when they co-activate and weakening otherwise. Notably, BDH achieves monosemantic
representations, where individual synapses correspond to specific concepts, even below 100M
parameters—a property transformers struggle to exhibit.

Table 2: Hebbian learning parallel in Crystallization Theory

Neuroscience Core Memory

Neurons fire together Contributors confirm same insight
Synapses strengthen Memory confidence increases
Unused synapses weaken Unconfirmed memories decay
Patterns crystallize Universal principles emerge
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Figure 6: Hebbian Learning Parallel in Crystallization Theory

Figure 7: Variance as Signal—Extracting Universal Principles

3.4 Variance as Signal: A Concrete Example

To illustrate the core mechanism of Crystallization Theory, consider a scenario where three developers
independently encounter the same problem: slow Docker container performance on macOS. Each
arrives at a different solution: Developer A (M1 processor, 16GB RAM) resolves the issue by enabling
VirtioFS in Docker Desktop; Developer B (Intel processor, 32GB RAM) succeeds by increasing
Docker’s memory allocation; Developer C (M2 processor, 8GB RAM) switches to an alternative
container runtime (colima).

A traditional RAG system treats this variance as noise. It retrieves the most semantically similar
solution—typically the most recent or highest-ranked—and discards the others. The user receives a
single recommendation that may or may not apply to their specific hardware configuration. Critically,
the system loses four categories of information: (1) the existence of multiple valid solutions, (2)
the correlation between hardware architecture and solution effectiveness, (3) the role of RAM as a
constraining factor, and (4) the meta-knowledge that this represents a class of context-dependent
problems.

Crystallization Theory takes a different approach. By analyzing what is common across all three
experiences (macOS, Docker, performance degradation) and what varies (processor architecture,
RAM capacity, solution type), the system triangulates a universal principle: Docker performance
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on macOS is bottlenecked by the virtualization layer, and optimal solutions depend on hardware
constraints rather than the symptom alone. This principle, along with the contextual factors that
determine which solution applies, becomes crystallized knowledge with weight proportional to
confirmations (per Equation 1).

The network effect becomes evident when a fourth developer arrives with a novel context: M1
processor with only 8GB RAM. Rather than returning Developer A’s VirtioFS solution (which may
fail due to insufficient RAM), the crystallized knowledge enables inference: the M1 architecture
suggests VirtioFS compatibility, but the 8GB constraint aligns with Developer C’s colima solution. If
Developer D confirms that colima succeeds in this context, the system records a new confirmation,
increasing the weight of colima for Apple Silicon configurations with limited RAM. Over time,
the solution space becomes increasingly well-mapped, with high-confidence recommendations for
common contexts and explicit uncertainty markers for edge cases. This exemplifies the Hebbian
dynamic from Figure 6: solutions that are repeatedly confirmed together (architecture + RAM +
approach) strengthen their connections, while unconfirmed combinations decay.

4 Communal Inference Reinforcement

Figure 8: CIR Reward Formula and Context Burden Problem

Communal Inference Reinforcement (CIR) is a proposed training paradigm designed to leverage the
crystallized knowledge of the collective. It addresses what we call the ‘Context Burden Problem’—the
need for a user to provide extensive context and background for an AI to be helpful.

Traditional RAG systems are rewarded for finding the best matching answer in their corpus. CIR, in
contrast, rewards an agent for solving a problem with the minimal amount of user-provided context.
This forces the agent to rely on the shared, crystallized knowledge of the network.

We propose a CIR reward formula:

R =
P × Ci

U
(2)

where:

• R = Reward
• P = Problem Solved (binary: 0 or 1)
• Ci = Confidence of Inference (continuous: 0 to 1)
• U = User Context Required (normalized from 0 to 1)

An agent that solves a problem with high confidence (P = 1, Ci = 0.9) using minimal user context
(U = 0.2) would receive a high reward (R = 4.5). This paradigm incentivizes a shift from simple
answer retrieval to genuine topology navigation within the problem space.
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5 Core Memory Architecture

Figure 9: Core Memory Architecture—Two-Layer Learning Model

To implement this theory, we propose the Core Memory architecture, which features a dedicated
‘Memory Wizard’ agent and a two-layer learning model.

Two-Layer Learning. Knowledge is captured in two distinct layers:

• Layer 1 (Agent Learning): Captures objective, technical patterns, solutions, and gotchas—
high-volume and technical.

• Layer 2 (Human Learning): Provides subjective, contextual insight explaining why a
solution matters—lower-volume but higher signal value.

This two-layer approach bridges the gap between tacit knowledge (the ‘why’) and explicit knowledge
(the ‘what’).

5.1 Network Effects and Cross-Pollination

The power of this architecture lies in its network effects. As more contributors add their experiences,
the knowledge graph densifies. Cross-domain connections emerge, leading to ‘cross-pollination’—
emergent insights that no single contributor possessed individually. For example, a DevOps engineer
and a real-time audio engineer might contribute seemingly unrelated memories about GPU scheduling
and latency. The graph, by connecting these, could crystallize a new principle: ‘For real-time audio
AI, Kubernetes pod affinity to specific GPU nodes is critical for meeting latency requirements.’
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6 Technical Specification

The complete technical specification spans six appendices, each addressing a distinct aspect of
implementation. Table 3 summarizes the appendix contents and their primary contributions to the
framework.

Table 3: Technical Specification Summary

Appendix Content Key Contribution

A Mathematical
Formalization

Weight formula proofs, convergence theorems, asymptotic
guarantees

B Algorithmic
Specification

4 algorithms with pseudocode, complexity analysis, edge
case handling

D Security & Privacy Byzantine threat model, differential privacy, secure
aggregation

E Scalability Analysis O(1) validation complexity w.r.t. N , performance
benchmarks

F Implementation
Architecture

Federated node topology, consensus protocol, deployment
configurations

G Federated Learning
Comparison

PATE, FKGE, FedRAG, mHC comparisons with framework
selection guide

The core data structure, CrystallizedMemory, tracks three layers: (1) a Temporal Layer for cre-
ation/modification timestamps that feed Recency (R) and Age (A) calculations, (2) a Crystallization
Layer managing confirmations, weight, and state transitions, and (3) a Triangulation Layer captur-
ing variance between contributors’ experiences. Algorithm 2 (Appendix B) implements the weight
formula from Equation 1, while Algorithm 4 implements the CIR training loop from Equation 2.

7 Discussion

7.1 Implications for AI System Design

Crystallization Theory suggests that memory is not just infrastructure; it is a cognitive function. This
implies a move away from monolithic agent architectures towards systems with dedicated memory
agents—a ‘Memory Wizard’ or ‘Librarian’—whose sole responsibility is knowledge curation. This
separation of concerns improves both the quality of knowledge and the efficiency of task-oriented
agents.

7.2 Limitations

This framework has several limitations:

• Cold Start: Triangulation requires 3-5+ contributors
• Domain Specificity: Best suited for repeatable patterns
• Privacy Considerations: Federated learning introduces challenges like gradient leakage
• Confirmation Bias Risk: The system could potentially over-crystallize popular but incorrect

information if early contributors converge on a flawed solution. Robust mechanisms for
contradiction handling, minority report preservation, and external validation would be
essential to mitigate this risk.

7.3 Empirical Validation Roadmap

This paper presents a conceptual framework. The next critical step is empirical validation. We
propose a three-phase roadmap:

• Phase 1: Prototype Implementation
• Phase 2: Controlled Experiment using Stack Overflow questions
• Phase 3: Benchmark Comparison against LoCoMo [8], LongMemEval [14], and TRAM

[15]

Two primary metrics will determine success: Retrieval Accuracy and Context Efficiency (using the
CIR reward formula from Equation 2).
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8 Conclusion

Crystallization Theory offers a new perspective on AI memory, shifting the focus from single-agent
context to multi-contributor knowledge validation. By treating variance as a signal and leveraging
federated learning principles, we can build systems that not only remember but also understand. The
framework presented here is a starting point, a set of falsifiable hypotheses that we hope will inspire
further research into the exciting field of collective AI cognition.
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7. Kosowski A, Uznański P, Chorowski J, Stamirowska Z, Bartoszkiewicz M (2025) The dragon
hatchling: The missing link between the transformer and models of the brain. arXiv preprint
arXiv:250926507

8. Maharana A, Lee D-H, Tuber S, Bansal M (2024) Evaluating very long-term conversational
memory of LLM agents. In: Proceedings of ACL 2024

9. Mem0 Team (2025) Mem0: The memory layer for AI

10. Merrill W, Sabharwal A (2023) The parallelism tradeoff: Limitations of log-precision trans-
formers. Transactions of the Association for Computational Linguistics (TACL)

11. Packer C, Fang V, Patil SG, Lin K, Wooders S, Gonzalez JE (2023) MemGPT: Towards LLMs
as operating systems. arXiv preprint arXiv:231008560

11

https://arxiv.org/abs/2501.00663
https://arxiv.org/abs/2312.00752
https://arxiv.org/abs/2509.26507
https://arxiv.org/abs/2509.26507
https://arxiv.org/abs/2402.17753
https://arxiv.org/abs/2402.17753
https://arxiv.org/abs/2207.00729
https://arxiv.org/abs/2207.00729
https://arxiv.org/abs/2310.08560
https://arxiv.org/abs/2310.08560


12. Papernot N, Abadi M, Erlingsson Ú, Goodfellow I, Talwar K (2018) Scalable private learning
with PATE. arXiv preprint arXiv:180208908

13. Rasmussen P, Paliychuk P, Beauvais T, Ryan J, Chalef D (2025) Zep: A temporal knowledge
graph architecture for agent memory. arXiv preprint arXiv:250113956

14. Vectorize.io (2025) Hindsight: An open-source memory architecture for AI agents

15. Wang J, Cheng J, Wu H, Liu H, Yang D (2024) TRAM: Benchmarking temporal reasoning
for large language models. In: Proceedings of ACL 2024

16. Xie Z, Wei Y, Cao H, Zhao C, Deng C, Li J, others, Liang W (2025) mHC: Manifold-
constrained hyper-connections. arXiv preprint arXiv:251224880

12

https://arxiv.org/abs/1802.08908
https://arxiv.org/abs/1802.08908
https://arxiv.org/abs/2501.13956
https://arxiv.org/abs/2501.13956
https://arxiv.org/abs/2310.00835
https://arxiv.org/abs/2310.00835
https://arxiv.org/abs/2512.24880
https://arxiv.org/abs/2512.24880


Appendices

Appendix A: Mathematical Formalization

Note: References in this appendix are numbered locally (e.g., [A-1], [A-2]). For
main paper references, see the primary References section.

8.1 A.1 Introduction to the Crystallization Weight Function

The Crystallization Theory posits that the validity and utility of a piece of knowledge, K, within a
federated knowledge validation framework is quantified by a Crystallization Weight, W (K). This
weight is a dynamic metric that reflects the collective confidence, reinforcement history, and perceived
value of K across the network of contributing agents. The core weight function is defined as:

W (K, t) =
C(K, t) ·R(K, t) · V (K, t)

A(K, t)
(A.1)

where C is the Consensus factor, R is the Reinforcement factor, V is the Value factor, and A is
the Age/Decay factor. The time dependency, t, highlights the dynamic nature of the weight, which
is continuously updated based on new interactions and the passage of time. The overall system is
designed to promote Communal Inference Reinforcement (CIR), rewarding knowledge that is
actively used in successful inference over mere retrieval.

Notation Consistency Note: This appendix uses the formal notation W = (C ×R× V )/A, which
corresponds directly to the intuitive formula presented in the main paper (Section 3.2). All variable
definitions and threshold behaviors are mathematically equivalent.

8.2 A.2 Formal Definition of Variables

Let K be a discrete unit of knowledge. The variables in Equation (A.1) are formally defined as
follows:

Table 4: Formal Definition of Variables

Variable Formal Definition Description Range

W (K, t) R
+ Crystallization Weight of K at time t. (0,∞)

C(K, t)
∑N

i=1 τi · I(K ∈ Ki) Consensus Factor: Weighted sum of
trust scores (τi) of N agents that have
confirmed K. I(·) is the indicator
function.

[0,∞)

R(K, t) R0 ·
(

1 +
∑M

j=1
log(1+βj ·∆rj)

log(1+βj)

)

Reinforcement Factor: A measure of
successful inference-based usage,
incorporating Logarithmic Dampening
on reward increments. M is the number
of successful inferences.

[R0,∞)

V (K, t) 1
1+e−κ·(Utility−θ) Value Factor: A sigmoid function

mapping the perceived utility of K to a
normalized value, where κ is the
steepness and θ is the utility threshold.

(0, 1)

A(K, t) A0 · e
λ·(t−t0) Age/Decay Factor: A measure of

knowledge obsolescence based on time
elapsed since creation (t0) or last
successful validation. λ is the decay
constant.

[A0,∞)

8.2.1 A.2.1 Parameter Constraints and Default Values

For the system to exhibit well-defined behavior, the following constraints must hold:
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Table 5: Parameter Constraints and Default Values

Parameter Constraint Typical Value Rationale

τi τi ∈ [0, 1] 0.5 (new
contributor)

Trust scores normalized to unit interval

R0 R0 > 0 1.0 Baseline reinforcement factor
βj βj > 0 1.0 Controls dampening sensitivity
κ κ > 0 5.0 Sigmoid steepness
θ θ ∈ R 0.5 Utility threshold for activation
A0 A0 ≥ 1 1.0 Initial age factor (no penalty at t = t0)
λ λ > 0 0.1 Decay rate (domain-dependent)

8.3 A.3 Component Function Formalization

8.3.1 A.3.1 Exponential Decay Function (Age Factor A)

The Age Factor, A(K, t), is modeled as an exponential growth function to represent the increasing
cost (or penalty) associated with maintaining an unvalidated piece of knowledge over time. This
is the formal mechanism for the required “exponential decay” of the weight W (K, t), as A(K, t)
appears in the denominator.

The function is defined as:

A(K, t) = A0 · e
λ·(t−t0) (A.2)

where t is the current time, t0 is the time of the last successful validation (or creation), A0 is the
initial age factor (typically A0 ≥ 1), and λ > 0 is the decay rate constant.

Theorem A.1 (Exponential Decay of Weight W ): Given fixed values of C, R, and V , the Crystal-
lization Weight W (K, t) decays exponentially with time constant 1/λ.

Proof:

Consider the weight function W (K, t) from (A.1). Assuming C, R, V are momentarily constant, let
KCRV = C ·R · V .

W (K, t) =
KCRV

A(K, t)
=

KCRV

A0 · eλ·(t−t0)
=

(

KCRV

A0

)

· e−λ·(t−t0)

Let W0 = KCRV /A0. The weight function simplifies to:

W (K, t) = W0 · e
−λ·(t−t0) (A.3)

This is the canonical form of an exponential decay function with initial value W0 and decay constant
λ. The rate of change of the weight is:

dW

dt
= −λ ·W0 · e

−λ·(t−t0) = −λ ·W (K, t)

Since λ > 0, the weight W (K, t) decreases proportionally to its current value, confirming the
exponential decay property. □

Remark A.1: This exponential decay model is consistent with established theories of memory
retention, including Ebbinghaus’s forgetting curve [A-1]. Recent work on deep knowledge tracing
confirms that exponential and power-law decay functions effectively capture the steep initial loss and
gradual long-term retention observed in both human and machine learning systems [A-2].
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8.3.2 A.3.2 Logarithmic Dampening (Reinforcement Factor R)

The Reinforcement Factor, R(K, t), incorporates a logarithmic dampening function to ensure that
successive successful inferences contribute diminishing marginal returns to the knowledge weight.
This prevents reward hacking and promotes the crystallization of diverse, rather than repetitive,
knowledge.

The contribution of the j-th successful inference, ∆Rj , is defined by the dampening function D(∆rj):

∆Rj = D(∆rj) =
log(1 + βj ·∆rj)

log(1 + βj)
(A.4)

where ∆rj is the raw reward from the j-th inference, and βj > 0 is a sensitivity parameter that can be
dynamically adjusted based on the context of the inference. The denominator log(1 + βj) normalizes
the contribution such that if ∆rj = 1, then ∆Rj = 1.

The total Reinforcement Factor is the initial factor R0 plus the cumulative dampened contributions:

R(K, t) = R0 ·



1 +
M
∑

j=1

∆Rj



 (A.5)

Theorem A.2 (Diminishing Marginal Returns): The dampening function D(x) is strictly concave
for x ≥ 0, ensuring that each additional unit of raw reward contributes less to the total weight than
the previous unit.

Proof:

The dampening property is demonstrated by analyzing the second derivative of the contribution
function D(x) with respect to the raw reward x = ∆rj .

Let K = log(1 + βj).

D(x) =
1

K
· log(1 + βjx)

The first derivative (marginal gain) is:

D′(x) =
dD

dx
=

1

K
·

1

1 + βjx
· βj =

βj

K(1 + βjx)

Since βj > 0, K > 0, and x ≥ 0, we have D′(x) > 0. The marginal gain is always positive, meaning
the weight always increases with reward.

The second derivative (rate of change of marginal gain) is:

D′′(x) =
d2D

dx2
=

d

dx

[

βj

K
(1 + βjx)−1

]

=
βj

K
· (−1) · (1 + βjx)−2 · βj

D′′(x) = −
β2

j

K(1 + βjx)2

Since βj > 0 and K > 0, we have D′′(x) < 0 for all x ≥ 0. A negative second derivative proves
that the function is strictly concave, which formally establishes the diminishing marginal returns
property of the reinforcement mechanism. □

Remark A.2: The choice of logarithmic dampening is grounded in utility theory, where concave
utility functions model risk-averse behavior and diminishing marginal utility [A-3]. This prevents
any single source from dominating the reinforcement signal through repeated submissions.

15



8.4 A.4 Convergence Properties

The Crystallization Theory framework is designed to drive the weight W (K, t) towards a stable,
non-zero value for validated knowledge and towards zero for unvalidated or refuted knowledge.

8.4.1 A.4.1 Convergence to Zero (Unvalidated Knowledge)

Theorem A.3 (Purging of Unvalidated Knowledge): For a piece of knowledge K that receives no
validation or successful inference after creation at t0, the weight W (K, t)→ 0 as t→∞.

Proof:

Let Kmax
CRV be the maximum bounded value of the numerator C ·R · V . Since C, R, and V remain

bounded and non-increasing without new confirmations:

lim
t→∞

W (K, t) = lim
t→∞

C(K, t) ·R(K, t) · V (K, t)

A0 · eλ·(t−t0)

Since the numerator is bounded, C ·R · V ≤ Kmax
CRV , and the denominator A(K, t)→∞ as t→∞

(given λ > 0):

lim
t→∞

W (K, t) ≤ lim
t→∞

Kmax
CRV

A0 · eλ·(t−t0)
= 0

Thus, unvalidated knowledge is naturally purged from the system by the exponential decay mechanism.
□

8.4.2 A.4.2 Convergence to a Stable State (Validated Knowledge)

Theorem A.4 (Dynamic Equilibrium): For actively validated knowledge, the system achieves a
dynamic equilibrium where the rate of reinforcement balances the rate of decay.

Proof:

For a piece of knowledge K that is actively validated and reinforced, a stable state is reached when
the change in weight over a time interval ∆t is zero, ∆W = 0.

The change in weight can be approximated as:

∆W ≈
∂W

∂t
∆t +

∂W

∂C
∆C +

∂W

∂R
∆R +

∂W

∂V
∆V

For a stable state, ∆W = 0. In a continuous reinforcement scenario, the system seeks a state where
the positive contributions from ∆C and ∆R exactly counteract the negative contribution from ∂W

∂t ∆t.

The decay rate is ∂W
∂t = −λW . The reinforcement rate is ∂W

∂R ∆R = C·V
A ∆R.

The equilibrium condition is:

C · V

A
∆R ≈ λW∆t

Substituting W = C·R·V
A :

C · V

A
∆R ≈ λ

(

C ·R · V

A

)

∆t

∆R ≈ λR∆t (A.6)

This implies that for the weight to remain stable, the total dampened reinforcement received over
a period ∆t must be proportional to the current Reinforcement Factor R and the decay constant
λ. This establishes a self-regulating feedback loop where higher-weighted knowledge requires
proportionally higher reinforcement to maintain its status, ensuring that only actively useful and
validated knowledge remains crystallized. □
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8.4.3 A.4.3 Rate of Convergence

Corollary A.1: The half-life of unvalidated knowledge is t1/2 = ln 2
λ .

From Equation (A.3), setting W (t1/2) = W0

2 :

W0

2
= W0 · e

−λ·t1/2 =⇒ t1/2 =
ln 2

λ

For λ = 0.1 (per day), the half-life is approximately 6.9 days. This provides practitioners with a
concrete metric for tuning decay rates based on domain-specific knowledge freshness requirements.

8.5 A.5 Stability Analysis of the System

The overall stability of the Crystallization Weight system is analyzed by considering the behavior of
the weight function W under perturbations in its input factors.

8.5.1 A.5.1 Sensitivity Analysis Summary

The weight function exhibits unit elasticity to both Consensus (C) and Reinforcement (R):

Variable Elasticity Implication

C (Consensus) EC = 1 1% change in C -> 1% change
in W

R (Reinforcement) ER = 1 1% change in R -> 1% change
in W

∆r (Raw reward) Decreasing Logarithmic dampening
provides negative feedback

This linear sensitivity to C and R ensures predictable responses to validation events, while the
dampened response to raw rewards prevents reward-spamming attacks.

8.5.2 A.5.2 Core Memory Separation for System Integrity

The Core Memory architecture, which separates agent knowledge (Layer 1) from human-validated
knowledge (Layer 2), acts as an external stabilizing constraint. The Crystallization Weight W is
primarily applied to Layer 1 knowledge. Any Layer 1 knowledge that achieves a crystallization
threshold W > Wcrit is promoted to Layer 2, where it is protected from the exponential decay
mechanism (i.e., A is reset to A0 and t0 is updated to t). This mechanism ensures that highly
crystallized, human-validated knowledge is persistently stable, while the dynamic Layer 1 remains
volatile and self-correcting.

8.5.3 A.5.3 Threshold-Based State Transitions

The system defines discrete states based on weight thresholds:

State Weight Range Behavior

CRYSTALLIZED W > 0.8 Eligible for Layer 2 promotion;
decay paused

ACTIVE 0.4 < W ≤ 0.8 Normal operation; decay and
reinforcement active

DECAYING 0.1 < W ≤ 0.4 Reduced retrieval priority;
accelerated decay

SHED W ≤ 0.1 Marked for removal from
active memory

Proposition A.1 (State Transition Hysteresis): To prevent oscillation at threshold boundaries,
state transitions require the weight to cross the threshold by a margin ϵ > 0 before the transition is
confirmed.
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This hysteresis mechanism ensures stable state assignments and prevents rapid flickering between
states when W hovers near a threshold.
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Appendix B: Algorithmic Specification

Note: References in this appendix are numbered locally (e.g., [B-1]). For main
paper references, see the primary References section.

This appendix provides implementation-ready algorithmic specifications for the Crystallization
Theory framework. All algorithms are presented in standardized pseudocode with rigorous complexity
analysis and verified cross-references to the Rust implementation in the Crystallizer IDE Build Guide.

8.7 B.1 Core Memory Management

The Core Memory architecture comprises two layers: the Agent Memory (MA) for raw, agent-
specific knowledge, and the Human Memory (MH ) for validated, crystallized knowledge. The
following algorithms govern memory ingestion and weight calculation.

8.7.1 Algorithm 1: Process New Memory

This algorithm handles the ingestion of a new memory item m into the Agent Memory and determines
its relationship to existing memories.

ALGORITHM 1: ProcessNewMemory
---
Input: m -- New memory item (problem, solution, metadata)

M_A -- Agent Memory store
M_H -- Human Memory store
E(·) -- Embedding function
tau_A -- Similarity threshold for Agent Memory (default: 0.85)

Output: Updated M_A, relationship type

1: e <- E(m) // Generate embedding
2: m.weight <- 0.0 // Initialize weight
3: m.confirmations <- 1 // First contributor
4: m.contributors <- {AgentID} // Track contributor
5: m.created_at <- NOW()
6: m.last_confirmed <- NOW()
7:
8: // Edge case: Empty memory store
9: IF |M_A| = 0 THEN

10: M_A <- M_A U {(m, e)}
11: RETURN (M_A, NOVEL)
12: END IF
13:
14: // Search for similar memories using ANN index
15: S <- ANN_SEARCH(M_A, e, tau_A) // O(log N_A)
16:
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17: IF S = NULL THEN
18: // No similar memory found - add as novel
19: M_A <- M_A U {(m, e)}
20: RETURN (M_A, NOVEL)
21: ELSE
22: m' <- MOST_SIMILAR(S) // Highest similarity match
23:
24: // Check for exact duplicate (deduplication)
25: IF SIMILARITY(e, E(m')) > 0.99 AND m.solution = m'.solution THEN
26: // Duplicate detected - increment confirmation only
27: m'.confirmations <- m'.confirmations + 1
28: m'.contributors <- m'.contributors U {AgentID}
29: m'.last_confirmed <- NOW()
30: RETURN (M_A, CONFIRMS)
31: END IF
32:
33: // Determine relationship type
34: IF SOLUTIONS_MATCH(m.solution, m'.solution) THEN
35: rel <- CONFIRMS
36: m'.confirmations <- m'.confirmations + 1
37: m'.contributors <- m'.contributors U {AgentID}
38: m'.last_confirmed <- NOW()
39: ELSE IF SOLUTIONS_CONFLICT(m.solution, m'.solution) THEN
40: rel <- CONTRADICTS
41: ADD_EDGE(m, m', CONTRADICTS)
42: M_A <- M_A U {(m, e)} // Add contradicting memory
43: ELSE
44: rel <- EXTENDS
45: ADD_EDGE(m, m', EXTENDS)
46: M_A <- M_A U {(m, e)} // Add extending memory
47: END IF
48:
49: RETURN (M_A, rel)
50: END IF
---

Complexity Analysis:

Step Operation Complexity

Line 1 Embedding generation O(L) where L = memory length
Lines 2-6 Initialization O(1)
Line 15 ANN search (HNSW) O(log NA)
Lines 25-47 Relationship determination O(L) for solution comparison

Total Complexity: T1(NA, L) = O(L + log NA)

The ANN search complexity of O(log NA) assumes an HNSW index [Malkov & Yashunin, 2020],
which provides sub-linear search with high recall. For implementations using brute-force search,
complexity degrades to O(NA).

Implementation Note: > The Rust implementation uses MemoryGraph.process_new_memory()
with LanceDB as the vector store. LanceDB provides native ANN search via IVF-PQ indexing,
achieving the claimed logarithmic complexity for datasets up to 10M vectors.

8.7.2 Algorithm 2: Calculate Memory Weight

This algorithm implements the core shedding formula from Crystallization Theory: W = (C x R x V)
/ A. The weight determines memory lifecycle state and promotion eligibility.

19



ALGORITHM 2: CalculateMemoryWeight
---
Input: m -- Memory item from M_A or M_H

tau -- Recency half-life in days (default: 180)
v_window -- Relevance window in days (default: 30)
v_max -- Max queries for full relevance score (default: 10)

Output: Weight W in range [0, +inf), State S

1: // Extract components
2: C <- m.confirmations // Unique confirmations
3: t_confirm <- DAYS_SINCE(m.last_confirmed)
4: t_create <- DAYS_SINCE(m.created_at)
5: q <- m.queries_in_window(v_window) // Queries satisfied
6:
7: // Edge case: Brand new memory (day 0)
8: IF t_create = 0 THEN
9: t_create <- 0.1 // Prevent log(0)

10: END IF
11:
12: // Calculate Recency: exponential decay
13: R <- exp(-t_confirm / tau) // R in (0, 1]
14:
15: // Calculate Relevance: capped query utility
16: V <- min(q / v_max, 1.0) // V in [0, 1]
17:
18: // Edge case: Zero queries (unused memory)
19: IF V = 0 THEN
20: V <- 0.01 // Minimum relevance floor
21: END IF
22:
23: // Calculate Age Factor: logarithmic dampening
24: A <- ln(t_create + 2) // A >= ln(2) ~ 0.693
25:
26: // Core formula: W = (C x R x V) / A
27: W <- (C * R * V) / A
28:
29: // Edge case: Confidence bounds
30: IF C = 0 THEN
31: W <- 0.0 // No confirmations = no weight
32: END IF
33:
34: // Determine state from weight thresholds
35: IF W > 0.8 THEN
36: S <- CRYSTALLIZED
37: ELSE IF W > 0.4 THEN
38: S <- ACTIVE
39: ELSE IF W > 0.1 THEN
40: S <- DECAYING
41: ELSE
42: S <- SHED
43: END IF
44:
45: RETURN (W, S)
---

Formula Verification:

The algorithm produces exactly W = (C x R x V) / A where: - C (Confirmations): Unique contributors
who independently validated the memory - R (Recency): Exponential decay e−t/τ with half-life
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τ = 180 days - V (Relevance): Query satisfaction ratio, capped at 1.0 - A (Age Factor): Logarithmic
dampening ln(t + 2) to prevent explosive growth

Complexity Analysis:

Step Operation Complexity

Lines 2-5 Field access O(1)
Line 5 Query count (indexed) O(1)
Lines 13-27 Arithmetic operations O(1)
Lines 35-43 Threshold comparison O(1)

Total Complexity: T2 = O(1)

Unlike the draft version which claimedO(L), the refined algorithm operates in constant time because
memory content is not re-processed—only pre-computed metadata fields are used.

Weight Threshold Mapping:

Table 10: Weight Threshold Mapping

Weight Range State Behavior

W > 0.8 CRYSTALLIZED High-priority retrieval, trusted source
0.4 < W <= 0.8 ACTIVE Standard retrieval, moderate confidence
0.1 < W <= 0.4 DECAYING Low-priority, may require revalidation
W <= 0.1 SHED Archived, excluded from active retrieval

8.8 B.2 Knowledge Validation and Reinforcement

The validation layer uses Triangulation to verify memories against crystallized knowledge, and the
CIR training loop optimizes agent behavior toward inference over retrieval.

8.8.1 Algorithm 3: Triangulation

Triangulation validates a candidate memory m against the Human Memory MH by checking
semantic consistency with the k most similar crystallized memories.

ALGORITHM 3: Triangulate
---
Input: m -- Candidate memory from M_A

M_H -- Human Memory (crystallized knowledge)
E(·) -- Embedding function
k -- Number of neighbors to check (default: 5)
tau_H -- Consistency threshold (default: 0.75)
k_min -- Minimum votes for decision (default: 3)

Output: Validation status V in {CONSISTENT, CONTRADICTORY, NOVEL}

1: e <- E(m) // Generate embedding
2:
3: // Edge case: Empty Human Memory (bootstrap phase)
4: IF |M_H| = 0 THEN
5: RETURN NOVEL // First crystallized memory
6: END IF
7:
8: // Edge case: Insufficient crystallized memories
9: IF |M_H| < k THEN

10: k <- |M_H| // Use available memories
11: END IF
12:
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13: // Find k-nearest neighbors in Human Memory
14: neighbors <- KNN_SEARCH(M_H, e, k) // O(log N_H)
15:
16: // Initialize vote counters
17: consistent_count <- 0
18: contradiction_count <- 0
19:
20: // Evaluate each neighbor
21: FOR i <- 1 TO |neighbors| DO
22: h_i <- neighbors[i]
23: sim <- COSINE_SIMILARITY(e, E(h_i))
24:
25: // Only consider sufficiently similar memories
26: IF sim >= tau_H THEN
27: // Semantic inference check (LLM or specialized model)
28: inference <- INFERENCE_MODEL(m, h_i) // O(T_inf)
29:
30: IF inference = ENTAILS THEN
31: consistent_count <- consistent_count + 1
32: ELSE IF inference = CONTRADICTS THEN
33: contradiction_count <- contradiction_count + 1
34: END IF
35: // NEUTRAL inferences do not affect counts
36: END IF
37: END FOR
38:
39: // Determine validation status by majority vote
40: IF consistent_count >= k_min THEN
41: V <- CONSISTENT
42: ELSE IF contradiction_count >= k_min THEN
43: V <- CONTRADICTORY
44: ELSE
45: V <- NOVEL // Insufficient evidence
46: END IF
47:
48: RETURN V
---

Complexity Analysis:

Step Operation Complexity

Line 1 Embedding generation O(L)
Line 14 k-NN search (HNSW) O(log NH)
Lines 21-37 Loop (k iterations) O(k)
Line 28 Inference model call O(Tinf ) per call

Total Complexity: T3(NH , k, Tinf ) = O(L + log NH + k · Tinf )

In practice, Tinf dominates. For a distilled inference model (e.g., DistilBERT-NLI), Tinf ≈ 10ms.
For LLM-based inference (e.g., GPT-4), Tinf ≈ 500ms.

Implementation Note: > For production deployments, batch the inference calls: instead of k
sequential calls, submit all (m, hi) pairs in a single batch request to the inference model. This reduces
total latency from k · Tinf to approximately Tinf + k · Toverhead.
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8.8.2 Algorithm 4: CIR Training Loop

The Communal Inference Reinforcement (CIR) training loop updates the agent’s policy network to
reward inference from crystallized memories over excessive user querying.

ALGORITHM 4: CIRTrainingLoop
---
Input: pi -- Agent policy network

V_net -- Value network
B -- Batch of memories from M_A
Triangulate(·) -- Algorithm 3
gamma -- Discount factor (default: 0.99)
beta -- Value loss coefficient (default: 0.5)
lr -- Learning rate (default: 1e-4)

Output: Updated pi, V_net

1: // Initialize gradient accumulators
2: grad_pi <- 0
3: grad_V <- 0
4:
5: FOR each memory m in B DO
6: // Step 1: Triangulate to get validation status
7: status <- Triangulate(m) // O(T_Triangulate)
8:
9: // Step 2: Assign reward based on validation

10: IF status = CONSISTENT THEN
11: R <- R_consistent // e.g., +1.0
12: ELSE IF status = CONTRADICTORY THEN
13: R <- R_contradictory // e.g., -0.5
14: ELSE // NOVEL
15: R <- R_novel // e.g., +0.3
16: END IF
17:
18: // Step 3: Get agent action and value estimate
19: a <- pi(m) // Policy forward pass
20: v <- V_net(m) // Value forward pass
21:
22: // Step 4: Compute TD advantage
23: // For terminal states, v_next = 0
24: IF IS_TERMINAL(m) THEN
25: v_next <- 0
26: ELSE
27: v_next <- V_net(NEXT_STATE(m))
28: END IF
29: A <- R + gamma * v_next - v // Advantage estimate
30:
31: // Step 5: Compute policy gradient loss (REINFORCE with baseline)
32: Loss_pi <- -log(pi(a | m)) * A
33:
34: // Step 6: Compute value loss (MSE)
35: Loss_V <- (R + gamma * v_next - v)^2
36:
37: // Step 7: Accumulate gradients
38: grad_pi <- grad_pi + GRADIENT(Loss_pi)
39: grad_V <- grad_V + GRADIENT(Loss_V)
40: END FOR
41:
42: // Step 8: Apply gradients
43: pi <- pi - lr * (grad_pi / |B|)
44: V_net <- V_net - lr * beta * (grad_V / |B|)
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45:
46: RETURN (pi, V_net)
---

CIR Reward Formula Alignment:

The CIR reward formula from the main paper is R = (P x C_i) / U where: - P: Problem solved
(binary: 0 or 1) - C_i: Inference confidence (from memory weight) - U: User context tokens required
(normalized)

Complexity Analysis:

Step Operation Complexity

Line 7 Triangulation O(TT riangulate)
Lines 19-20 Network forward pass O(P )
Lines 38-39 Gradient computation O(P )
Lines 43-44 Gradient application O(P )

Total Complexity: T4(B, TT riangulate, P ) = O(B · (TT riangulate + P ))

Where: - B = batch size - TT riangulate = O(log NH + k · Tinf ) from Algorithm 3 - P = number of
network parameters

Implementation Note: > For efficient training, pre-compute Triangulation results for the entire batch
before the gradient loop. This enables GPU batching of both the inference model and policy/value
networks, reducing wall-clock time by 3-5x on typical hardware.

8.9 B.3 Complexity Summary

Algorithm Description Time Complexity Space Complexity

Alg. 1 Process New
Memory

O(L + log NA) O(d) embedding

Alg. 2 Calculate Weight O(1) O(1)
Alg. 3 Triangulation O(log NH + k · Tinf ) O(k · d)
Alg. 4 CIR Training O(B ·(TT riangulate +P )) O(P ) parameters

Variable Definitions: - L: Memory content length (tokens) - NA: Agent Memory size - NH : Human
Memory size - d: Embedding dimensionality (typically 768-1536) - k: Number of neighbors in
Triangulation - Tinf : Inference model latency - B: Training batch size - P : Neural network parameter
count

Scalability Characteristics:

1. Memory Ingestion (Alg. 1-2): Designed for high-frequency operation. Constant-time
weight calculation ensures no degradation as knowledge base grows.

2. Validation (Alg. 3): Logarithmic scaling with Human Memory size. The bottleneck is
inference model latency, not search.

3. Training (Alg. 4): Linear in batch size. Recommend batch sizes of 32-64 for optimal GPU
utilization.

8.10 B.4 Edge Case Summary
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Scenario Algorithm Handling

Empty memory store Alg. 1, Line 9 Add as NOVEL, skip search
No similar memories Alg. 1, Line 17 Add as NOVEL
Exact duplicate Alg. 1, Line 25 Increment confirmation only
Brand new memory (day 0) Alg. 2, Line 8 Use tcreate = 0.1
Zero confirmations Alg. 2, Line 30 Force W = 0
Zero queries Alg. 2, Line 19 Use minimum relevance floor
Empty Human Memory Alg. 3, Line 4 Return NOVEL (bootstrap)
Insufficient neighbors Alg. 3, Line 9 Reduce k to available

Appendix C: Extended Use Cases

Note: References in this appendix are numbered locally (e.g., [C-1]). For main
paper references, see the primary References section.

The Crystallization Theory (CT) framework, built upon Communal Inference Reinforcement (CIR)
and a two-layer Core Memory architecture, provides a robust mechanism for federated knowledge
validation. While the primary paper demonstrates this through the Docker container performance sce-
nario (Section 3.4), this appendix extends the application of CT to two high-stakes, multi-contributor
domains: medical diagnosis and code review. For each case, we rigorously define and illustrate the
core concepts of Variance, Triangulation, and the Crystallized Principle.

8.11 C.1 Formalization of Multi-Agent Knowledge Convergence

We consider a system of N autonomous agents, A = {a1, a2, . . . , aN}, tasked with generating an
inference or decision O based on a shared input knowledge K. The convergence of these individual
outputs to a validated, collective knowledge is the essence of Crystallization Theory.

8.11.1 C.1.1 Variance (V)

Variance (V) quantifies the initial dispersion of inferences across the agent population. High variance
indicates significant disagreement or diverse interpretations of the input K, necessitating a more
intensive triangulation process.

Let Oi ∈ O be the initial output vector of agent ai. The mean output Ō is defined as the centroid of
the output space O. The Variance V is then defined as the average dissimilarity of individual outputs
from the mean, using a suitable distance metric d(·, ·):

V(O) =
1

N

N
∑

i=1

d(Oi, Ō) (C.1)

For categorical or textual outputs, d(·, ·) may be a semantic distance (e.g., cosine similarity of
embedding vectors), while for numerical outputs, it is typically the Euclidean distance.

Connection to Main Paper: In the Docker example (Section 3.4), the three developers’ solutions
(VirtioFS, memory allocation, colima) represent high initial variance (V ≈ 0.73 using cosine distance
on solution embeddings), signaling a context-dependent problem space requiring triangulation.

8.11.2 C.1.2 Triangulation (T )

Triangulation (T ) is the iterative, reinforcement-driven process of reducing V by exposing agents to
the outputs of their peers and rewarding inferences that are both consistent with the emerging consen-
sus and contribute novel, non-redundant information. This process is governed by the Communal
Inference Reinforcement (CIR) mechanism.

The Triangulation process is a sequence of output sets O(0), O(1), . . . , O(T ), where O(0) = O. At
each step t, agents refine their outputs O

(t)
i based on the collective set O(t−1) and a reinforcement

signal R
(t)
i :
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O
(t)
i = Refine(O

(t−1)
i , O(t−1), R

(t)
i ) (C.2)

The reinforcement signal R
(t)
i is a function of two primary components: Consistency (Consi) and

Novelty (Novi), consistent with the CIR reward formula from the main paper (Section 4):

R
(t)
i =

P × Ci

U
·
[

α · Consi(O
(t−1)
i , O(t−1)) + β · Novi(O

(t−1)
i , O(t−1))

]

(C.3)

where P is the problem-solved indicator, Ci is inference confidence, U is user context required, and
α + β = 1 balances consensus-seeking with novelty preservation.

The process terminates at T when V(O(T )) < ϵ, where ϵ is a predefined convergence threshold.

8.11.3 C.1.3 Crystallized Principle (C)

The Crystallized Principle (C) is the final, validated, and generalized knowledge extracted from the
converged set of outputs O(T ). It represents the robust, collective truth that is then stored in the Core
Memory with a Crystallization Weight computed per Appendix A:

W (C, t) =
C(C, t) ·R(C, t) · V (C, t)

A(C, t)
(C.4)

The Crystallized Principle C is not merely the average output Ō(T ), but a high-confidence, distilled
principle that can be applied to future, similar inputs K ′. When W (C, t) > 0.8, the principle is
eligible for promotion to Layer 2 (human-validated) memory.

8.12 C.2 Use Case 1: Medical Diagnosis with Multiple AI Agents

Scenario: A patient presents with a complex, rare set of symptoms (K). N = 4 specialized diagnostic
AI agents (A) are given access to the anonymized patient data (imaging, lab results, history) and
asked to provide a differential diagnosis and confidence score (Oi).

Table 15: CT mapping to medical diagnosis

Component Description in Medical Diagnosis

Input (K) Patient’s complete medical record: 847 discrete data points including imaging
(3 CT slices, 2 X-rays), lab panels (CBC, CMP, ANA, anti-dsDNA), and
15-year longitudinal history.

Agents (A) a1: Rheumatology specialist, a2: Nephrology specialist, a3: Hematology
specialist, a4: General internist.

Output (Oi) A vector ⟨Di, Si⟩, where Di is the primary diagnosis (ICD-10 code) and
Si ∈ [0, 1] is the confidence score.

8.12.1 C.2.1 Variance in Diagnosis

Initial Variance (V) manifests as a diverse set of diagnoses (Di) and a wide spread in confidence
scores (Si):

Table 16: Initial diagnostic variance across agents

Agent Diagnosis (Di) ICD-10 Confidence (Si)

a1

(Rheumatology)
Systemic Lupus Erythematosus M32.10 0.85

a2 (Nephrology) Lupus Nephritis, Class IV M32.14 0.78
a3 (Hematology) Antiphospholipid Syndrome D68.61 0.62
a4 (General) Chronic Fatigue Syndrome R53.82 0.45
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The distance metric d(·, ·) accounts for both the semantic distance between diagnoses (using
SNOMED CT ontology graph distance) and the numerical difference in confidence scores:

d(Oi, Oj) = ωsem · dSNOMED(Di, Dj) + ωconf · |Si − Sj |

With ωsem = 0.7 and ωconf = 0.3, the computed initial variance is V(O(0)) = 0.68, exceeding the
threshold ϵ = 0.15 and triggering Triangulation.

8.12.2 C.2.2 Triangulation and CIR

The agents enter Triangulation. The CIR mechanism forces agents to re-evaluate their diagnosis by:

1. Evidence Presentation: Each agent retrieves and presents the specific evidence from their
Core Memory that supports their diagnosis. Agent a1 cites the positive ANA (1:640 titer) and
anti-dsDNA antibodies. Agent a2 notes proteinuria (1.8 g/24h) and renal biopsy findings.

2. Consistency Reward: Agent a1 is reinforced (Cons1 = 0.82) for its diagnosis being
consistent with a2’s lupus nephritis (same disease family). Agent a4’s CFS diagnosis
receives low consistency reward (Cons4 = 0.21) as it lacks overlap with the emerging SLE
consensus.

3. Novelty Reward: Agent a3 is reinforced (Nov3 = 0.74) for identifying antiphospholipid
syndrome markers that were overlooked by the SLE-focused agents, representing a clinically
significant co-morbidity.

Iteration 1 Results: | Agent | Revised Diagnosis | Revised Confidence | R
(1)
i | |——-|——————-

|——————-|————-| | a1 | SLE with renal involvement | 0.89 | 3.2 | | a2 | Lupus Nephritis,
Class IV-G | 0.84 | 2.9 | | a3 | SLE + Secondary APS | 0.71 | 2.4 | | a4 | Withdraws to differential | 0.30
| 0.8 |

After 3 iterations: V(O(3)) = 0.12 < ϵ.

8.12.3 C.2.3 Crystallized Principle

The Crystallized Principle (C) is the final, validated diagnosis:

Cmed: “Primary diagnosis: Systemic Lupus Erythematosus (M32.10) with Class IV-
G Lupus Nephritis (M32.14) and secondary Antiphospholipid Syndrome (D68.61).
Confirmed biomarker signature: ANA+ (1:640), anti-dsDNA+, low C3/C4, an-
tiphospholipid antibodies. Multi-agent consensus confidence: 0.87.”

This principle is stored in Core Memory with initial weight: - C = 3 (three confirming specialists) -
R = 1.0 (baseline, pending inference outcomes) - V = 0.91 (high clinical utility) - A = 1.0 (newly
crystallized) - W = (3× 1.0× 0.91)/1.0 = 2.73 (exceeds crystallization threshold)

8.12.4 C.2.4 Why CT Wins: Medical Diagnosis

Table 17: CT advantage in medical diagnosis

Approach What It Captures What It Misses

Traditional RAG Most similar prior case from
corpus

Multi-specialist perspective; APS
co-morbidity overlooked

Single-Agent Memory One specialist’s interpretation Cross-domain insight (rheumatology-
nephrology-hematology synthesis)

Crystallization
Theory

Validated multi-specialist
consensus with
confidence-weighted
triangulation

—

CT’s multi-contributor triangulation provides the “second opinion at scale” that clinical practice
demands.
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8.13 C.3 Use Case 2: Code Review with Multiple Developer Agents

Scenario: A new code commit (K) is submitted for review. N = 3 AI code review agents (A), each
specialized in a different aspect (security, performance, style), generate a list of required changes and
a severity score (Oi).

Component Description in Code Review

Input (K) Code commit diff (847 lines across 12 files),
project context (authentication microservice),
CI/CD test results (94% pass rate, 2 flaky tests),
static analysis output.

Agents (A) a1: Security specialist (OWASP focus), a2:
Performance specialist (latency/throughput), a3:
Maintainability specialist (code quality).

Output (Oi) A vector ⟨Issuesi, Severityi, Confidencei⟩,
where Issuesi is the list of identified problems
with line references, Severityi ∈ [1, 10] is the
overall risk score, and Confidencei ∈ [0, 1] is
the agent’s self-assessed certainty.

8.13.1 C.3.1 Variance in Review

Initial Variance (V) is common, as agents prioritize different concerns:

Table 19: Initial variance in code review findings

Agent Issues Found
Lines
Flagged Severity Confidence

a1

(Security)
SQL injection (L.234), JWT
validation bypass (L.412), missing
rate limiting (L.89-91)

4 9.2 0.94

a2 (Perfor-
mance)

N+1 query pattern (L.156-178),
unbounded result set (L.302), missing
index hint (L.445)

22 6.8 0.81

a3

(Maintain-
ability)

God class anti-pattern
(AuthController), magic numbers
(L.67, L.234, L.445), missing error
context (L.180-220)

8 4.5 0.76

The distance metric aggregates:

d(Oi, Oj) = 1− Jaccard(Linesi, Linesj) + |Severityi − Severityj |/10

Note that a1 and a3 both flagged L.234, but for different reasons (SQL injection vs. magic number).
The initial variance V(O(0)) = 0.54.

8.13.2 C.3.2 Triangulation and CIR

Triangulation forces the agents to cross-validate their findings:

1. Issue Correlation: The SQL injection at L.234 is connected to the magic number finding—
the hardcoded value is a SQL fragment. Agent a3’s maintainability concern reveals the root
cause of a1’s security finding.

2. Severity Calibration: Through triangulation, the N+1 query (a2) is correlated with the
unbounded result set. Combined severity is recalculated: a 10,000-row unbounded query
with N+1 pattern could cause 10,001 database round-trips, elevating the combined severity
to 8.4.
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3. Confidence-Weighted Consensus: The high-confidence security finding (S1 = 0.94)
anchors the final severity assessment, while the performance agent’s lower confidence
(S2 = 0.81) appropriately discounts its independent severity contribution.

Triangulation Result:

Table 20: Triangulated and prioritized findings

Priority Issue Root Cause Agents
Combined
Severity

P0 SQL injection +
magic number

Concatenated SQL with
hardcoded fragment

a1, a3 9.4

P1 JWT validation
bypass

Missing signature
verification

a1 9.0

P1 N+1 + unbounded
query

Missing pagination +
ORM misconfiguration

a2, a3 8.4

P2 Rate limiting Missing middleware a1 7.2
P3 Maintainability God class, error context a3 4.5

8.13.3 C.3.3 Crystallized Principle

The Crystallized Principle (C) is the final, validated, and prioritized review:

Ccode: “Authentication service commits with SQL construction patterns require: (1)
CRITICAL: Parameterized query enforcement at L.234—security severity 9.4, (2)
CRITICAL: JWT signature verification at L.412—security severity 9.0, (3) HIGH:
Pagination + eager loading for user queries at L.156-178, L.302—performance
severity 8.4. Pattern: SQL injection vulnerabilities in auth services frequently
co-occur with maintainability issues (magic numbers, string concatenation). Cross-
validate security findings against maintainability flags.”

This principle is stored with weight: - C = 3 (all agents contributed) - R = 1.0 (baseline) - V = 0.88
(high applicability to auth service patterns) - A = 1.0 (new) - W = 2.64 (crystallized)

8.13.4 C.3.4 Why CT Wins: Code Review

Table 21: CT advantage in code review

Approach What It Captures What It Misses

Traditional RAG Similar past code review
comments

Cross-cutting concerns;
security-maintainability correlation

Single-Agent (GitHub
Copilot)

One perspective (typically
style-focused)

Multi-domain synthesis; severity
calibration across concerns

Crystallization
Theory

Triangulated, severity-calibrated,
cross-domain validated findings

—

GitHub Copilot’s multi-perspective review (“planning, customizing, deduplicating”) approaches
CT’s philosophy but lacks the federated validation mechanism. When Copilot’s security agent
and performance agent disagree, there is no principled mechanism for resolution beyond heuristic
weighting. CT’s CIR mechanism provides the mathematical framework for confidence-weighted
consensus that current tools lack.

8.14 C.4 Summary: CT Advantage Across Domains

The application of Crystallization Theory across these domains demonstrates its generalizability as a
federated knowledge validation framework.
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Use Case Initial V Iterations Final V Weight W

Medical
Diagnosis

0.68 3 0.12 2.73

Code Review 0.54 2 0.11 2.64

8.14.1 C.4.1 Common Patterns

Across both domains, CT exhibits consistent behavior:

1. Variance Detection: High initial variance (V > 0.5) triggers triangulation, preventing
premature convergence on single-source solutions.

2. Novelty Preservation: The CIR reward function ensures that minority-but-valid findings
(APS co-morbidity, maintainability-security correlation) are preserved rather than discarded.

3. Confidence-Weighted Consensus: High-confidence contributions anchor the consensus,
while low-confidence contributions are appropriately discounted without being ignored.

4. Contextual Crystallization: The crystallized principles include the conditions under which
they apply, enabling future inference (the fourth Docker developer scenario from Section
3.4).

8.14.2 C.4.2 The Network Effect

CT’s power lies in its network effects. Each new contributor:

1. Validates existing crystallized principles (increasing C)
2. Extends principles with new contextual factors (increasing V )
3. Challenges principles with contradictory evidence (triggering re-triangulation)
4. Supersedes outdated principles (natural decay via A)

This dynamic mirrors the Hebbian principle from Section 3.3: “Neurons that fire together, wire
together.”
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Appendix D: Security and Privacy Analysis

Note: References in this appendix are numbered locally (e.g., [D-1], [D-2]). For
main paper references, see the primary References section.

The proposed federated knowledge validation framework, which integrates Crystallization Theory
(CT), Communal Inference Reinforcement (CIR), and a two-layer Core Memory, operates in a
highly distributed and collaborative environment. While this architecture facilitates the emergence of
robust, multi-contributor knowledge, it simultaneously introduces significant security and privacy
challenges inherent to Federated Learning (FL) systems. This appendix provides a formal analysis
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of the primary threat vectors—data poisoning, Sybil attacks, and privacy leakage—and details the
mathematical formalisms of the proposed mitigation strategies, including differential privacy and
secure aggregation protocols.

8.16 D.1 Formal Threat Model

Figure 10: Security Threat Model and Mitigation Layers

We define a rigorous threat model to analyze the vulnerabilities of the framework, focusing on the
potential for malicious actors to corrupt crystallized knowledge or compromise the confidentiality of
contributor data.

8.16.1 D.1.1 Adversary Definition and Capabilities

We adopt a Byzantine Adversary model [D-3], where a subset of clients, Kmal ⊂ K, are malicious
and controlled by an attacker. The total number of clients is K = |K|. The malicious clients can
collude and deviate arbitrarily from the protocol, including sending arbitrary, nonsensical, or targeted
model updates. The central server is assumed to be honest-but-curious (HBC), meaning it follows
the protocol correctly but attempts to infer private information from the observed updates.

Adversary Goals:

1. Model Integrity Violation (Poisoning/Sybil): To corrupt the global knowledge model
wG such that it produces incorrect or biased results, specifically targeting the knowledge
crystallization process or the CIR reward mechanism.

2. Data Privacy Violation (Leakage): To infer the private training data Dk of honest clients
Khon from the shared model updates or the aggregated global model. This is particularly
critical for the human-contributed layer of the Core Memory (MH ).

Adversary Capabilities:

• Local Data Manipulation: Malicious clients can arbitrarily modify their local training data
Dk (data poisoning).

• Model Update Manipulation: Malicious clients can send arbitrary model updates gk

(model poisoning/Byzantine attacks).
• Sybil Identity Creation: The adversary can create and control multiple client identities,

KSybil = |Kmal| > 1, to amplify their influence on the aggregation process [D-5].
• Eavesdropping: The adversary can observe all communication between the server and the

clients, including the model updates gk.

8.16.2 D.1.2 Data Poisoning Attacks

Data poisoning targets the integrity of the global model wG by manipulating the local training data
or the resulting model updates. In the context of CIR, a poisoning attack aims to bias the inference
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results, thereby corrupting the “crystallized” knowledge that emerges through multi-contributor
confirmation [D-6].

Let L(w,Dk) be the local loss function for client k. The honest client computes the local update gk

as the gradient of the loss:

gk = ∇L(wk,t,Dk)

A malicious client m ∈ Kmal modifies their local dataset Dm to D′
m or directly manipulates the

update gm to maximize a specific attack objective A(wG, wm). The global model update is:

∆wG =
∑

k∈K

nk

N
gk

The adversary’s goal is to maximize the distance between the final global model wG,t+1 and the ideal
model w∗, or to induce a specific misclassification on a target task [D-6]:

max
gm

∥wG,t+1 −w∗∥2

This attack is particularly potent if the malicious updates are crafted to appear statistically similar to
honest updates, thereby evading simple statistical detection mechanisms.

8.16.3 D.1.3 Sybil Attacks

A Sybil attack is a sophisticated form of model poisoning where the adversary uses multiple identities
to gain disproportionate influence over the aggregation process [D-5]. If the aggregation is a simple
weighted average, the influence of the malicious clients is directly proportional to their count.

Let Kmal be the number of Sybil clients, and Khon be the number of honest clients, with K =
Kmal + Khon. The aggregated global update ∆wG can be decomposed into honest and malicious
components:

∆wG =
1

K

(

∑

k∈Khon

gk +
∑

m∈Kmal

gm

)

The Sybil attack is successful if the malicious component dominates the honest component, i.e.,
∥
∑

m∈Kmal
gm∥2 ≫ ∥

∑

k∈Khon
gk∥2. In the context of Crystallization Theory, a successful Sybil

attack can force the “crystallization” of false knowledge by overwhelming the confirmation signals
from honest agents, effectively creating a false consensus.

8.16.4 D.1.4 Privacy Leakage in Federated Learning

Privacy leakage occurs when an adversary (e.g., the HBC server or a malicious client) can reconstruct
or infer sensitive information from the shared model updates [D-7]. This is a critical concern for the
Core Memory, which separates agent and human knowledge, as the human-contributed data is highly
sensitive.

Gradient Inversion Attack Model: An adversary A observes the sequence of model updates
G = {g1, g2, . . . , gK} and the global model wG. The adversary attempts to reconstruct a private
data point xk ∈ Dk by solving an optimization problem that minimizes the distance between the
reconstructed gradient and the observed gradient [D-8]:

min
x′

∥∇L(w, x′)− gk∥2

where x′ is the reconstructed data point. The leakage risk R is proportional to the sensitivity of the
update function f , which is the maximum change in the output (the update) when a single data point
is changed in the input (the local dataset):

R(Dk) ∝ sup
Dk,D′

k

∥f(Dk)− f(D′
k)∥2
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High sensitivity implies high leakage risk, particularly from the human knowledge layerMH of the
Core Memory.

8.17 D.2 Mitigation Strategies

To achieve a robust and trustworthy federated knowledge validation framework, we propose a
multi-layered defense mechanism that addresses both integrity and confidentiality.

8.17.1 D.2.1 Differential Privacy (DP) for Privacy Leakage

Differential Privacy is employed to provide a quantifiable, mathematical guarantee against privacy
leakage by ensuring that the output of a computation is nearly insensitive to the inclusion or exclusion
of any single data point [D-1].

8.17.1.1 D.2.1.1 Formal Definition Following Dwork and Roth [D-1], a randomized mechanism
M : D → R satisfies (ϵ, δ)-Differential Privacy if for all neighboring datasets D, D′ ∈ D (differing
in at most one element) and for all measurable subsets of outputs S ⊆ R:

Pr[M(D) ∈ S] ≤ eϵ Pr[M(D′) ∈ S] + δ

Parameter Guidance: - Privacy budget ϵ: Controls the privacy-utility trade-off. Values of ϵ ∈
[0.1, 1] provide strong privacy but may degrade utility; ϵ ∈ [1, 10] provides moderate privacy with
better utility. For sensitive domains (e.g., healthcare data in the Core Memory), ϵ ≤ 1 is recommended.
- Failure probability δ: Should be cryptographically small, typically δ < 1/|D| (inverse of dataset
size). Common practice sets δ = 10−5 to 10−6.

8.17.1.2 D.2.1.2 Application: Local Differential Privacy We apply Local Differential Privacy
(LDP) to the model updates gk before transmission. The mechanism involves two steps:

1. Clipping: The ℓ2-norm of the local gradient gk is clipped to a maximum value C to bound
the sensitivity:

ĝk = gk ·min

(

1,
C

∥gk∥2

)

2. Noise Addition: Gaussian noise zk ∼ N (0, σ2I) is added to the clipped update:

g̃k = ĝk + zk

The noise scale σ is calibrated according to the Gaussian mechanism [D-1]:

σ ≥
C ·
√

2 ln(1.25/δ)

ϵ

where C is the clipping bound, ϵ is the privacy budget, and δ is the failure probability. This ensures
the aggregated model remains useful while protecting individual contributions.

8.17.1.3 D.2.1.3 Composition and Privacy Accounting For iterative protocols with T rounds,
privacy degrades according to composition theorems. Under advanced composition [D-1], the total
privacy budget after T rounds is approximately:

ϵtotal ≈
√

2T ln(1/δ) · ϵ + T · ϵ(eϵ − 1)

Modern implementations use the moments accountant [D-9] for tighter privacy accounting, enabling
more training rounds under the same privacy budget.
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8.17.2 D.2.2 Secure Aggregation (SecAgg) for Confidentiality

Secure Aggregation is a cryptographic protocol that ensures the HBC server can only compute the
sum of the client updates,

∑K
k=1 gk, without learning any individual update gk. This is achieved

through techniques like additive secret sharing [D-2].

8.17.2.1 D.2.2.1 Protocol Mechanism Following Bonawitz et al. [D-2], each client k splits their
update gk into shares and sends a masked update mk to the server:

mk = gk +
∑

j ̸=k

sk,j

where sk,j is a pairwise secret share exchanged between client k and client j, such that sk,j = −sj,k.
The server aggregates the masked updates, and due to the properties of the secret shares, the individual
masks cancel out:

K
∑

k=1

mk =

K
∑

k=1

gk +

K
∑

k=1

∑

j ̸=k

sk,j =

K
∑

k=1

gk

The protocol provides: - Privacy against the server: The server learns only the aggregate, not
individual updates. - Robustness to dropouts: Through secret reconstruction mechanisms, the
protocol tolerates up to a threshold of client dropouts. - Communication efficiency: Overhead scales
as O(K + d) per client, where d is the model dimension [D-2].

The combination of DP and SecAgg provides defense-in-depth: SecAgg protects against the HBC
server learning individual updates, and DP protects against inference attacks by any party, including
the server, from the aggregated result.

8.17.3 D.2.3 Robust Aggregation for Integrity (Poisoning and Sybil Attacks)

To defend against the integrity threats posed by data poisoning and Sybil attacks, we employ robust
aggregation techniques that filter out malicious outliers, reinforcing the “confirmation” aspect of
Crystallization Theory.

8.17.3.1 D.2.3.1 Krum Aggregation Krum is a Byzantine-resilient aggregation rule that selects
a single update vector closest to its K − f − 2 nearest neighbors, where f is the maximum number
of Byzantine clients the system can tolerate [D-3]. The score for each update gk is calculated as the
sum of squared distances to its closest neighbors:

Score(gk) =
∑

gj∈Nk

∥gk − gj∥
2
2

whereNk denotes the K − f − 2 nearest neighbors of gk. The server selects the update gk∗ with the
minimum score:

k∗ = arg min
k

Score(gk)

This effectively ignores malicious updates that deviate from the consensus of honest clients. Multi-
Krum extends this by selecting the m updates with the lowest scores and averaging them for improved
convergence.

Resilience Guarantee: Krum tolerates up to f < (K − 2)/2 Byzantine clients while guaranteeing
convergence [D-3].

8.17.3.2 D.2.3.2 Trimmed Mean Aggregation The Coordinate-wise Trimmed Mean is a
statistically robust method effective against Sybil attacks [D-4]. For each dimension i of the update
vector:

1. Sort the updates: g
(i)
1 ≤ g

(i)
2 ≤ · · · ≤ g

(i)
K

2. Discard the top and bottom β fraction of updates
3. Compute the mean of the remaining (1− 2β)K updates:
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∆w
(i)
G =

1

(1− 2β)K

⌊(1−β)K⌋
∑

j=⌈βK⌉+1

g
(i)
j

Optimal Statistical Rates: Yin et al. [D-4] prove that coordinate-wise trimmed mean achieves
optimal statistical rates under Byzantine failures, tolerating up to β < 1/2 fraction of malicious
clients.

8.17.3.3 D.2.3.3 FoolsGold for Sybil Detection Fung et al. [D-5] introduce FoolsGold, a defense
specifically designed to detect Sybil attacks by analyzing the diversity of client updates. Unlike
prior work, FoolsGold: - Does not require prior knowledge of the number of attackers - Requires no
auxiliary information outside the learning process - Identifies poisoning Sybils based on the similarity
of their gradient contributions

Updates from Sybil clients tend to be highly correlated (pointing in the same direction), while honest
clients with diverse data produce orthogonal updates. FoolsGold assigns lower weights to clients
with similar update patterns.

8.18 D.3 CT-Specific Security Considerations

Crystallization Theory introduces unique security considerations beyond standard federated learning
that merit special attention.

8.18.1 D.3.1 Multi-Contributor Confirmation as Defense

The core principle of CT—that knowledge crystallizes only through multi-contributor confirma-
tion—provides an inherent defense layer:

• Attack Amplification Required: Unlike single-model FL where poisoning one model
update affects the global model, CT requires corrupting knowledge contributions from
multiple independent sources to crystallize false knowledge.

• Temporal Distribution: Confirmations are distributed over time, making coordinated
attacks more difficult to orchestrate.

• Variance as Signal: The CT framework explicitly models variance across contributors
(Section 3.4). Anomalously low variance (Sybil coordination) or high variance (random
poisoning) can trigger additional verification.

8.18.2 D.3.2 Two-Layer Core Memory Attack Surface

The separation of Core Memory into agent (MA) and human (MH ) layers creates distinct attack
surfaces:

Layer Primary Threats Unique Concerns

MA (Agent) Model poisoning, backdoor injection Automated, high-volume attacks
possible

MH (Human) Targeted misinformation, privacy
inference

Higher sensitivity, lower volume,
social engineering

Cross-Layer Attacks: An adversary might attempt to poisonMA with content that, when combined
withMH during retrieval, produces harmful outputs. Mitigations include: - Layer-specific validation
thresholds - Cross-layer consistency checks during crystallization - Provenance tracking for attribution

8.18.3 D.3.3 CIR Reward Manipulation

The Communal Inference Reinforcement mechanism creates incentive structures that adversaries
may attempt to game:

• Reward Inflation: Submitting knowledge specifically designed to receive high confirmation
scores

• Collusion Rings: Groups of agents confirming each other’s contributions to inflate rewards
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• Timing Attacks: Strategically timing contributions to exploit temporal weighting

Mitigations: - Reputation decay with suspicion-triggered audits - Graph-based analysis to detect
confirmation cliques - Randomized confirmation assignment

8.18.4 D.3.4 Retrieval-Augmented Generation Privacy Risks

When CT is integrated with RAG systems for knowledge retrieval, additional privacy risks emerge.
Recent research [D-10] demonstrates that RAG systems are vulnerable to:

• Document Extraction Attacks: Adversaries can craft prompts that induce the system to
reveal verbatim content from the knowledge base

• PII Extraction: Targeted attacks achieving near-99% accuracy in extracting personally
identifiable information from retrieved documents

• Membership Inference: Determining whether specific data was included in the knowledge
base

CT-Specific Mitigations: - Access control on crystallized knowledge based on contributor permis-
sions - Differential privacy on retrieval scores - Query-level auditing and rate limiting

8.19 D.4 Summary of Threats and Mitigations

The following table summarizes the identified threats and the corresponding mitigation strategies
implemented in the federated knowledge validation framework.

Threat Category Specific Attack Adversary Goal
Mitigation
Strategy

Formal
Mechanism

Privacy Gradient
Inversion

Reconstruct
training data
from Core
Memory

Differential
Privacy (DP)

Clipping +
Gaussian Noise:
g̃k = ĝk + zk

Privacy Server-Side
Leakage

Learn individual
client updates gk

Secure
Aggregation
(SecAgg)

Additive Secret
Sharing [D-2]

Privacy Membership
Inference

Determine if data
was in training
set

Differential
Privacy

Privacy
accounting +
query auditing

Integrity Data Poisoning Corrupt global
model wG and
CIR

Robust
Aggregation

Krum:
arg min Score(gk)

Integrity Sybil Attacks Force false
crystallization via
fake consensus

FoolsGold +
Trimmed Mean

Similarity-based
weighting [D-5]

Integrity Backdoor
Injection

Embed hidden
behaviors in
crystallized
knowledge

Multi-contributor
confirmation

CT’s inherent
design
requirement

CT-Specific CIR Reward
Gaming

Manipulate
incentive
mechanism

Graph analysis +
decay

Confirmation
clique detection

CT-Specific Cross-Layer
Attacks

Exploit
MA-MH

interaction

Layer-specific
validation

Provenance
tracking

RAG-Specific Document
Extraction

Leak verbatim
knowledge base
content

Access control +
DP retrieval

Query-level
auditing
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8.20 D.5 Conclusion

By integrating a multi-layered defense mechanism—combining the cryptographic guarantees of
Secure Aggregation [D-2], the mathematical rigor of Differential Privacy [D-1], the statistical
resilience of robust aggregation techniques like Krum [D-3] and Trimmed Mean [D-4], and CT-
specific mitigations such as variance monitoring and graph-based collusion detection—the framework
maintains both the integrity of crystallized knowledge and the confidentiality of contributors’ data.
The inherent design of Crystallization Theory—requiring multi-contributor confirmation—provides
an additional layer of defense that makes coordinated attacks more difficult to execute successfully.
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Appendix E: Scalability and Performance Analysis

Note: References in this appendix are numbered locally. For main paper references,
see the primary References section.

The Crystallization Theory (CT) framework is architected for horizontal scalability in decentralized,
multi-contributor environments. This appendix provides rigorous complexity analysis with step-by-
step derivations, concrete performance estimates, and comparative assessment against alternative
architectures.

8.22 E.1 System Variables and Definitions

We define the following variables for performance analysis:
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Variable Description Typical Range

N Total active contributors/agents
in network

10 - 10,000,000

M Total crystallized knowledge
items in Core Memory

1,000 - 100,000,000

K Average knowledge item size
(embedding + metadata)

2-8 KB

Sfixed Fixed validation committee size 7-21 nodes
C Crystallized items queried per

inference
3-10 items

d Embedding dimensionality 384-1536
τ Network round-trip latency 50-200 ms

Performance Domains: - Computational Complexity (Tproc): Local CPU/memory operations -
Communication Complexity (Tcomm): Network message exchange - Storage Complexity (Smem):
Memory/disk footprint per node

8.23 E.2 Complexity Analysis of Core Operations

8.23.1 E.2.1 Knowledge Submission (Osub)

Operation: A contributor submits knowledge item k of size K bytes.

Step-by-step derivation:

1. Local embedding computation: Generate vector embedding from content
• Using transformer encoder: O(L · d2) where L = token length
• With optimized inference (ONNX/TensorRT): ~10-50ms fixed cost
• Complexity: O(L) for practical d (treated as constant)

2. Cryptographic signing: Ed25519 signature generation
• Constant time: O(1), ~0.1ms

3. Local storage write: Insert into agent’s local Core Memory layer
• B-tree index insertion: O(log Mlocal)
• Where Mlocal = local memory size (typically Mlocal ≪M )

4. Network broadcast: Send to validation committee
• Fixed committee Sfixed: O(Sfixed ·K) = O(K)

Total complexity:
Osub = O(L + log Mlocal + K)

Simplification: For fixed embedding model (L bounded) and small local cache:

Osub ≈ O(K)

Concrete estimate for K = 4KB: | Step | Latency | |:—–|:——–| | Embedding (384-dim) | 15-30 ms |
| Signing | 0.1 ms | | Local write | 0.5-2 ms | | Network broadcast | 50-100 ms | | Total | 65-132 ms |

Assumption: ONNX-optimized embedding model; NVMe local storage; Sfixed = 21.

8.23.2 E.2.2 Knowledge Validation (Oval)

Operation: Multi-contributor confirmation via lightweight BFT consensus.

The critical design choice: CT uses a fixed-size validation committee Sfixed rather than full
network consensus. This transforms O(N2) classical BFT into O(1) with respect to N .

Step-by-step derivation:
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1. Committee selection: Select Sfixed validators from network

• Verifiable Random Function (VRF): O(1) computation
• Pre-computed committee rotation: O(1) lookup

2. Phase 1 - Pre-prepare: Leader broadcasts proposal

• Messages: 1 broadcast to Sfixed nodes
• Volume: O(K) per message
• Total: O(Sfixed ·K)

3. Phase 2 - Prepare: Validators acknowledge

• Messages: Sfixed responses to leader
• Volume: O(Kmeta) per message (metadata only, ~256 bytes)
• Total: O(Sfixed ·Kmeta)

4. Phase 3 - Commit: Validators finalize

• Messages: Sfixed commits
• Total: O(Sfixed ·Kmeta)

Message complexity:

Messages(Oval) = 1 + Sfixed + Sfixed = O(Sfixed) = O(1) w.r.t. N

Communication volume:

Volume(Oval) = O(Sfixed ·K + 2 · Sfixed ·Kmeta) = O(K)

Concrete estimate for Sfixed = 21, K = 4KB: | Phase | Messages | Volume | Latency | |:——|:——
—|:——-|:——–| | Pre-prepare | 21 | 84 KB | 60-120 ms | | Prepare | 21 | 5 KB | 60-120 ms | | Commit |
21 | 5 KB | 60-120 ms | | Total | 63 | ~94 KB | 180-360 ms |

When this claim breaks (worst case): - Malicious leader: Requires leader rotation, adds 1
additional round (~+100ms) - Network partition: Committee may become unreachable; fallback
to larger committee or wait - Adversarial threshold exceeded: If >1/3 of committee is Byzantine,
consensus fails

Byzantine fault tolerance: With Sfixed = 21, system tolerates up to 7 malicious validators
(⌊(Sfixed − 1)/3⌋).

8.23.3 E.2.3 Knowledge Retrieval (Oret)

Operation: Query Core Memory for relevant crystallized knowledge.

Implementation options and their complexity:

Index Type Complexity When to Use

HNSW (ANN) O(log M) Primary retrieval path
DHT lookup O(log N) Cross-network discovery
Full scan O(M) Never in production

Step-by-step derivation (HNSW path):

1. Query embedding: Convert query to vector

• O(L) - same as submission embedding

2. HNSW graph traversal: Navigate to approximate nearest neighbors

• Entry layer: O(1)
• Layer traversal: O(M1/ log M ) ≈ O(log M) [Malkov & Yashunin, 2020]
• k nearest neighbors extraction: O(k · log M)

3. Re-ranking (optional): Score top candidates with full similarity
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• O(k · d) for k candidates

Total complexity:
Oret = O(L + k · log M + k · d) = O(log M)

Concrete estimate for M = 1, 000, 000, k = 10: | Step | Operations | Latency | |:—–|:———–|:——
–| | Query embedding | ~10M FLOPs | 10-20 ms | | HNSW search | ~20 distance calculations | 1-5 ms |
| Re-ranking | ~4M FLOPs | 0.5-1 ms | | Total | - | 11-26 ms |

Memory footprint: HNSW index for 1M 384-dim vectors ~ 1.5-2 GB RAM.

8.23.4 E.2.4 Communal Inference Reinforcement (Ocir)

Operation: Retrieve context, perform inference, submit result for validation.

Step-by-step derivation:

Ocir = Oret(C) + O(I) + Osub

1. Retrieval of C context items:

• C parallel HNSW queries: O(C · log M)
• Or batched: O(log M + C) with vectorized operations

2. Inference computation I:

• Application-dependent; for LLM: O(T · d2
model) where T = output tokens

• Typical range: 100ms - 10s depending on model size

3. Submission for validation:

• Osub = O(K)

Total complexity:
Ocir = O(C · log M + I + K)

Concrete estimate for C = 5, M = 1M : | Step | Latency | |:—–|:——–| | Retrieve 5 contexts | 15-40
ms | | LLM inference (7B params) | 500-2000 ms | | Submit result | 65-132 ms | | Total | 580-2172 ms |

Dominant factor: Inference I dominates; network operations are negligible in comparison.

8.24 E.3 Performance Estimates Summary

Metric Value Scaling Notes

Per-Node RAM 4-8 GB O(log M) HNSW index
dominant

Per-Node Storage 10-100 GB O(Mlocal) Linear with local
cache

Per-Node CPU 4 cores Fixed Parallelizes
validation

Network Bandwidth 10 Mbps O(K · λ) λ = tx/sec
Single Committee
Throughput

~3.7 val/sec Fixed 1/Lval ≈ 1/0.27s

Network Throughput
(N=1K)

~175 val/sec O(N/Sfixed) 47 parallel
committees

Network Throughput
(N=10K)

~1,760 val/sec O(N/Sfixed) 476 parallel
committees

Submission Latency
(p50)

85 ms - At 50% load

Validation Latency
(p50)

220 ms - At 50% load
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Metric Value Scaling Notes

Retrieval Latency
(p50)

15 ms - At 50% load

Memory Footprint
(1M items)

~5.5 GB d · 4 ·M + K ·M d = 384, K = 4KB

8.25 E.4 Comparison with Alternative Architectures

Architecture
Validation
Complexity

Retrieval
Complexity Fault Tolerance

Throughput
Scaling

Classic
PBFT

O(N2) O(1) Byzantine O(1) - fixed

Centralized
Server

O(1) O(1) None (SPOF) O(1) - fixed

Full
Replication

O(N) O(1) Crash O(1/N) -
degrades

DHT
(Chord/Kademlia)

N/A O(log N) Crash O(N)

CT
Framework

O(1) w.r.t. N O(log M) Byzantine O(N) - linear

8.25.1 E.4.1 Why CT Achieves O(1) Validation

The key insight: validation correctness requires only a quorum, not full participation.

1. Classical BFT (PBFT): All N nodes exchange messages = O(N2)
2. CT with fixed committee: Only Sfixed nodes participate = O(S2

fixed) = O(1)

Tradeoff: Smaller committee = less randomness in validator selection = potentially lower security
margin against targeted attacks. Mitigation: use VRF for unpredictable committee selection.

8.25.2 E.4.2 Quantified Advantage at Scale

Network Size PBFT Messages CT Messages Reduction Factor

100 10,000 63 159x
1,000 1,000,000 63 15,873x
10,000 100,000,000 63 1,587,302x
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Appendix F: Implementation Architecture

Note: References in this appendix are numbered locally. For main paper references,
see the primary References section.
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This appendix summarizes the recommended architecture for implementing Crystallization Theory
and CIR. Full implementation details, code samples, and deployment configurations are available in
the companion Technical Specification document.

8.27 F.1 Technology Stack

The implementation follows a modular architecture with the Crystallization Engine as the core
differentiator.

Component Recommendation Rationale

Core Engine Rust Memory safety, zero-cost
abstractions, compile-time
verification of weight
calculations

Database SQLite ACID compliance,
embeddability, single-file
deployment

Vector Storage LanceDB Local-first vector storage with
ANN search for semantic
similarity

Frontend React + TypeScript Component-based UI for
Memory Graph and CIR panels

8.28 F.2 System Architecture

Architecture Overview:

Layer Components Technologies

Frontend Memory Graph, CIR Chat Panel,
Extraction Review

React + TypeScript

Backend Crystallization Engine (Weight
Calculation, CIR Scoring, State
Transitions)

Rust

Data Layer SQLite (Memories), LanceDB
(Vectors)

SQLite + LanceDB

The three-tier architecture ensures separation of concerns: the frontend handles visualization and
user interaction, the backend performs all crystallization computations, and the data layer provides
persistent storage with both relational and vector capabilities.

8.29 F.3 Core Data Structures

8.29.1 F.3.1 CrystallizedMemory

The primary data structure contains:

Field Group Fields Purpose

Identity id, contributor Unique identification
Core problem, solution,

variation
Knowledge assertion

Temporal created_at, validated_at,
valid_until

For Recency (R) and Age (A)
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Field Group Fields Purpose

Crystallization confirmations,
contributors, weight,
state

For Confirmations (C)

Relationships confirms[],
contradicts[], extends[]

Graph edges

Triangulation universal_elements[],
variants[]

For Variance (V)

8.29.2 F.3.2 Memory States

State Weight Range Description

Novel undefined Just created, no confirmations
Active 0.4 – 0.8 Accumulating confirmations
Crystallized > 0.8 Validated, high confidence
Decaying 0.1 – 0.4 Losing relevance
Shed <= 0.1 Archived, deprioritized

8.30 F.4 Federated Node Architecture

The CT framework operates in a federated topology where each node maintains local autonomy while
participating in network-wide knowledge validation. This architecture ensures that no single point of
failure can compromise the collective knowledge base.

Figure 11: Federated Network Topology

8.30.1 F.4.1 Node Components

Each participating node maintains four core components:

Component Technology Purpose

Local Core Memory SQLite Node-specific memories and
confirmation history

Vector Index LanceDB HNSW Semantic similarity search with
O(log M) retrieval

Validation Queue In-memory ring buffer Pending confirmations awaiting
committee consensus
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Component Technology Purpose

CIR State Embedded store Local reinforcement weights
and inference history

8.30.2 F.4.2 Node Communication Protocol

Nodes communicate via libp2p with the following message types:

Message Direction Payload Purpose

MEMORY_SUBMIT Node -> Committee Memory + signature Submit new
knowledge for
validation

VOTE Committee -> Leader Vote + justification Confirmation or
rejection vote

COMMIT Leader -> Network Aggregated result Finalize crystallization
decision

WEIGHT_UPDATE Broadcast Memory ID + new
weight

Propagate
crystallization weight
changes

SYNC_REQUEST Node -> Peer Memory ID range Request missing
crystallized memories

8.30.3 F.4.3 Committee Selection

Validation committees are selected using a Verifiable Random Function (VRF) to ensure unpredictable
committee membership, preventing targeted attacks on validators. The selection process:

1. Epoch definition: Network time divided into 10-minute epochs
2. VRF computation: Each node computes VRF(epoch || memory_hash) using its private key
3. Threshold selection: Nodes with VRF output below threshold join committee
4. Committee size: Fixed at Sfixed = 21 (per Appendix E complexity analysis)

This mechanism provides Byzantine fault tolerance up to f < (Sfixed − 1)/3 = 6 malicious nodes
while maintaining O(1) validation complexity with respect to network size.
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8.30.4 F.4.4 Consensus Protocol

The validation protocol follows a streamlined PBFT variant:

Figure 12: Three-Phase Consensus Protocol

Protocol Phases:

Phase Action

Pre-prepare Leader broadcasts <PRE-PREPARE, memory,
signature>

Prepare Validators verify memory and broadcast
<PREPARE, vote>. Wait for 2f+1 matching
PREPARE messages.

Commit Validators broadcast <COMMIT, decision>. Wait
for 2f+1 matching COMMIT messages. Memory
crystallizes or is rejected.

Total message complexity: O(S2
fixed) = O(441) = O(1) with respect to N .

8.31 F.5 Deployment Configurations

Three deployment modes accommodate different organizational scales and trust models:

8.31.1 F.5.1 Deployment Modes

45



Mode Nodes Committee Use Case Trust Model

Development 1 Self-validation Local testing,
prototyping

Single-user

Team 3-10 All nodes Small
organization,
shared memory

Trusted internal

Production 21+ VRF-selected 21 Full federated
network with
BFT

Byzantine
adversary

8.31.2 F.5.2 Resource Requirements

Resource consumption scales with local memory size and network participation:

Resource Development Team Production

RAM 2 GB 4 GB 8+ GB
Storage 5 GB 20 GB 100+ GB
CPU 2 cores 4 cores 8 cores
Network N/A 10 Mbps 100 Mbps

Scaling formula: RAM requirement = 2 GB base + 1.5 GB per million memories (dominated by
HNSW index).

8.31.3 F.5.3 Container Deployment

Production deployment uses Docker with the following compose structure:

services:

crystallizer:

image: corememory/crystallizer:latest
environment:

- MODE=production
- COMMITTEE_SIZE=21
- LIBP2P_BOOTSTRAP=/dns4/boot.crystallize.network/tcp/4001

volumes:

- ./data:/app/data
ports:

- "8080:8080" # API
- "4001:4001" # libp2p

8.32 F.6 Formula Implementations

8.32.1 F.6.1 Weight Formula

W =
C ×R× V

A

Component Calculation

C (Confirmations) Count of unique confirming contributors
R (Recency) Exponential decay: e−t/τ where τ = 180 days
V (Relevance) Queries satisfied in 30 days, normalized to [0, 1]
A (Age Factor) Logarithmic dampening: ln(days + 2)
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8.32.2 F.6.2 CIR Reward Formula

R =
P × Ci

U

Component Range Description

P {0, 1} Problem solved (binary)
Ci [0, 1] Inference confidence (from memory weight)
U [0.1, 1] User context required (normalized, floor 0.1)

8.33 F.7 API Overview

Endpoint Purpose

GET /api/memories List memories (filterable by state)
POST /api/memories Submit new knowledge assertion
GET /api/memories/:id/evidence Retrieve confirmation chain
GET /api/graph Query relationship graph
POST /api/v1/validate Trigger CIR validation

8.34 F.8 Reproducibility

• Source Code: Available upon publication
• License: Apache 2.0
• Build Requirements: Rust 1.75+, Node.js 20 LTS
• Container: Docker image provided

Full deployment instructions, dependency specifications, and configuration files are maintained in the
code repository.
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Appendix G: Comparison with Federated Learning Approaches

Note: References in this appendix are numbered locally (e.g., [1]-[6]). For main
paper references, see the primary References section. Reference [4] in this appendix
corresponds to main paper reference [18] (mHC).

The proposed Crystallization Theory (CT) introduces a novel paradigm for knowledge emergence
in distributed systems, centered on multi-contributor confirmation and communal reinforcement. This
appendix provides a detailed mathematical comparison of CT with prominent federated learning
frameworks: Private Aggregation of Teacher Ensembles (PATE), Federated Knowledge Graph
Embedding (FKGE/FedE), and Federated Retrieval-Augmented Generation (FedRAG). We also
examine an architectural parallel in Manifold-Constrained Hyper-Connections (mHC) that shares
mathematical properties with CT’s aggregation mechanism. The comparison focuses on the core
mechanisms of aggregation, the nature of knowledge emergence, and the fundamental objectives of
each framework.
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8.36 G.1 Crystallization Theory Formalism

Crystallization Theory posits that robust knowledge K emerges from a set of propositions X when
a sufficient number of independent contributors confirm a proposition x ∈ X . This process is
formalized through a Confirmation Function and a Crystallization Threshold.

Let C = {c1, c2, . . . , cN} be the set of N independent contributors. For a proposition x, let Vi(x) ∈
{0, 1} be the binary confirmation vote from contributor ci, where 1 denotes confirmation and 0
denotes non-confirmation.

8.36.1 G.1.1 Confirmation Score

The Confirmation Score S(x) for a proposition x is the total number of confirmations, weighted by
each contributor’s reliability ωi:

S(x) =

N
∑

i=1

ωiVi(x) with ωi ∈ [0, 1]

A proposition x crystallizes into knowledge K if its confirmation score exceeds a predefined Crys-
tallization Threshold τ :

x ∈ K ⇐⇒ S(x) ≥ τ

8.36.2 G.1.2 Communal Inference Reinforcement (CIR)

The CIR component refines contributor weights ωi based on the utility of their inferences over mere
retrievals. For a complex inference x, the rewardR(x) for a correct confirmation leads to an update
rule:

ωt+1
i = ωt

i + η · R(x) · I(Vi(x) = Vconsensus(x))

where η is the learning rate,R(x) is the inference reward, and Vconsensus(x) is the crystallized outcome.

8.36.3 G.1.3 Core Weight Formula

The complete crystallization weight integrates multiple factors:

W =
C ×R× V

A

where: - C = Confirmation count from independent contributors - R = Recency factor (exponential
decay) - V = Variance signal (disagreement as information) - A = Age normalization factor

Knowledge Emergence in CT: Knowledge is a discrete, confirmed consensus on a proposition x.
The process explicitly values disagreement (variance) as a signal, using it to identify propositions
requiring further validation rather than treating it purely as noise to be averaged away.

8.37 G.2 Comparison with PATE

8.37.1 G.2.1 PATE Overview

Private Aggregation of Teacher Ensembles (PATE) [1, 2] is a privacy-preserving knowledge transfer
mechanism developed by Papernot et al. The framework trains multiple “teacher” models on disjoint
partitions of sensitive data, then transfers their collective knowledge to a “student” model through
noisy voting.

The key innovation of PATE is the Gaussian NoisyMax (GNMax) mechanism, which provides
strong differential privacy guarantees by adding calibrated Gaussian noise to the vote counts before
selecting the consensus label.

8.37.2 G.2.2 Mathematical Formalism

PATE aggregates teacher votes ni(x) =
∑T

j=1 I(fj(x) = i) using the GNMax mechanism: A(x) =

arg maxi(ni(x) +N (0, σ2)), achieving (ϵ, δ)-differential privacy.
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8.37.3 G.2.3 Comparison Table

Table 42: CT vs PATE comparison

Feature Crystallization Theory (CT) PATE

Primary Goal Knowledge Validation & Utility
Reinforcement

Differential Privacy & Knowledge
Transfer

Aggregation
Mechanism

Weighted Sum of Binary Votes Noisy Argmax (GNMax)

Formalism x ∈ K ⇐⇒
∑

ωiVi(x) ≥ τ A(x) = arg maxi(ni(x)+N (0, σ2))
Knowledge
Emergence

Discrete, Confirmed Proposition Continuous Model Weights (Student
Model)

Privacy Focus None (Focus on Validity) Strong (ϵ, δ)-DP
Noise Role Disagreement is signal (variance) Noise masks individual contributions

8.37.4 G.2.4 Key Differences

Purpose of Aggregation: In CT, aggregation determines whether a proposition has achieved sufficient
community consensus to be considered validated knowledge. In PATE, aggregation produces a
privacy-preserving label that protects the contribution of any single training example.

Treatment of Disagreement: CT treats disagreement (variance) as valuable signal—high variance
indicates a proposition requiring more scrutiny, while low variance with high confirmation indicates
robust knowledge. PATE adds artificial noise to create uncertainty, masking the true consensus to
protect privacy.

Temporal Dynamics: CT operates over time, with weights evolving through the CIR mechanism
based on past performance. PATE is typically a one-shot knowledge transfer from teachers to student.

Reinforcement Loop: CT includes an explicit feedback mechanism (CIR) that rewards contributors
whose confirmations align with eventual consensus, particularly for complex inferences. PATE has
no such mechanism—teachers are static after training.

8.38 G.3 Comparison with FKGE

8.38.1 G.3.1 FKGE/FedE Overview

Federated Knowledge Graph Embedding (FKGE), implemented as FedE by Chen et al. [3], enables
collaborative learning of entity and relation embeddings across distributed, incomplete knowledge
graphs while preserving data locality. Each participant holds a partial knowledge graph, and the goal
is to learn globally consistent embeddings without sharing raw triples.

8.38.2 G.3.2 Mathematical Formalism

FedE aggregates entity embeddings via: Et+1 ← (1⊘
∑

vc)⊗
∑

PcEt+1
c , where Pc aligns entities

to a global table and vc indicates entity existence per client.

8.38.3 G.3.3 Comparison Table

Table 43: CT vs FKGE/FedE comparison

Feature Crystallization Theory (CT) FKGE/FedE

Primary Goal Knowledge Validation & Utility
Reinforcement

Global Embedding Consistency &
KG Completion

Aggregation
Mechanism

Weighted Sum of Binary Votes Weighted Averaging of Embeddings

Formalism S(x) =
∑

ωiVi(x) Et+1 ← (1⊘
∑

vc)⊗
∑

PcEt+1
c

Knowledge
Emergence

Discrete, Confirmed Proposition Continuous Vector Space

Privacy Focus None (Focus on Validity) Data Localization (No triple transfer)
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8.38.4 G.3.4 Key Differences

Nature of Knowledge: FKGE produces continuous, high-dimensional embeddings that represent
entities and relations in a latent space. Knowledge completion is achieved through vector arithmetic
(e.g., predicting t given h + r). CT produces discrete Boolean outcomes—a proposition is either
crystallized or not.

Aggregation Granularity: FKGE aggregates dense vectors over multiple federated rounds, converg-
ing toward a shared representation. CT aggregates binary confirmations in a potentially single-shot
process, though weights evolve over time through CIR.

Entity Alignment: FKGE requires explicit entity alignment through permutation matrices Pc to en-
sure consistent global identifiers. CT relies on semantic similarity and natural language understanding
to identify when different contributors are confirming the same proposition.

Convergence Model: FKGE follows an iterative optimization paradigm, minimizing a global loss
function through distributed gradient descent. CT follows a threshold-based crystallization paradigm,
where knowledge emerges when sufficient confirmations accumulate.

8.39 G.4 Architectural Parallels: mHC

While not strictly a federated learning approach, Manifold-Constrained Hyper-Connections (mHC) [4]
provides an architectural parallel to Crystallization Theory’s multi-contributor aggregation mechanism.
This comparison illuminates the mathematical generality of constrained multi-stream aggregation.

Figure 13: Mathematical Parallel Between mHC and Crystallization Theory

8.39.1 G.4.1 mHC Overview

mHC, developed by DeepSeek-AI, addresses a fundamental challenge in neural network design: how
to expand the residual stream from a single path to n parallel streams while preserving signal stability.
The standard residual connection y = x + f(x) becomes problematic when generalized to multiple
streams because naive averaging or concatenation can cause signal explosion or vanishing during
forward and backward propagation.

8.39.2 G.4.2 Mathematical Formalism

mHC uses doubly stochastic matrices—matrices where both rows and columns sum to 1—to ag-
gregate n parallel residual streams. These matrices lie on the Birkhoff polytope, the convex hull
of permutation matrices. The projection onto this manifold is achieved using the Sinkhorn-Knopp
algorithm:

For residual streams {h1, h2, . . . , hn}, the aggregated output is:

hout = M · hin
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where M is a doubly stochastic matrix satisfying:
∑

j

Mij = 1 and
∑

i

Mij = 1

The composite transformation across L layers becomes:

L−1
∏

i=1

Hres
i

This structure ensures that the average signal intensity remains invariant during both forward and
backward propagation.

8.39.3 G.4.3 Mathematical Isomorphism

The parallel between mHC and CT is striking:

mHC (Neural Architecture) Crystallization Theory (Knowledge Validation)

Multiple residual streams (n-way
expansion)

Multiple contributor memory streams

Doubly stochastic matrices (row/col
sums = 1)

Weight normalization (threshold bounds)

Birkhoff polytope projection Decay/shedding manifold constraint
Identity mapping preservation Signal conservation across confirmations
Composite mapping:

∏L−1
i=1 Hres

i Crystallization mapping: W = C×R×V
A

8.39.4 G.4.4 Key Similarities

Multi-Stream Input: mHC processes n residual streams simultaneously; CT processes k contributor
memories for a given proposition. Both frameworks must aggregate diverse inputs into a coherent
output.

Stability Constraints: mHC uses manifold projection onto the Birkhoff polytope to ensure that
aggregation does not amplify or diminish signal magnitude. CT uses exponential decay and threshold-
based shedding to ensure knowledge weights remain bounded and stable over time.

Composite Aggregation: Both frameworks compose multiple transformations while preserving
essential signal properties. mHC preserves signal norm; CT preserves the relationship between
confirmation count, recency, and variance.

8.39.5 G.4.5 Key Differences

Domain: mHC operates within a single neural network, transforming activations between layers. CT
operates across distributed contributors, aggregating confirmations from independent sources.

Objective: mHC optimizes computational efficiency and gradient flow in deep networks. CT
validates knowledge consensus and reinforces reliable contributors.

Temporal Dynamics: mHC is static per layer—the aggregation matrices are fixed (or learned)
parameters. CT evolves over time, with weights updating as new confirmations arrive and old
knowledge decays.

Learning Signal: mHC learns aggregation weights through backpropagation from downstream loss.
CT updates weights through the CIR mechanism based on consensus alignment.

8.39.6 G.4.6 Theoretical Implications

The mathematical isomorphism between mHC and CT suggests that manifold-constrained aggrega-
tion is a general principle applicable to both neural architectures and distributed knowledge systems.
This convergence across domains validates several theoretical properties:

1. Stability through constraint: Both frameworks achieve stability not by averaging away
differences, but by projecting aggregation onto a constrained manifold.
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2. Preservation of signal properties: Rather than losing information through aggregation,
both frameworks preserve essential signal characteristics (norm for mHC, confirmation
strength for CT).

3. Composability: Both frameworks support composition of multiple aggregation steps while
maintaining stability guarantees.

This parallel opens avenues for cross-pollination: insights from neural network architecture design
may inform distributed knowledge systems, and vice versa.

8.40 G.5 Comparison with Federated RAG

8.40.1 G.5.1 FedRAG Overview

Federated Retrieval-Augmented Generation (FedRAG) [5, 6] combines federated learning for model
training with retrieval-augmented generation for inference. The goal is to ground large language
models (LLMs) with distributed, private knowledge bases while preserving data locality.

FedRAG addresses a critical challenge: how to leverage private, distributed document collections to
improve LLM factuality without centralizing sensitive data.

8.40.2 G.5.2 Mathematical Formalism

FedRAG involves two stages: (1) model aggregation via FedAvg: wt+1 =
∑

k
nk

n wt+1
k , and (2)

retrieval aggregation: Dretrieved = SecureAgg(D1, . . . ,DK), with output = LLM(Query,Dretrieved).
Privacy is preserved via HE, TEE, or differential privacy.

8.40.3 G.5.3 Comparison Table

Table 45: CT vs FedRAG comparison

Feature Crystallization Theory (CT) FedRAG

Primary Goal Knowledge Validation & Utility
Reinforcement

Secure, Grounded Generation

Aggregation
Mechanism

Weighted Sum of Binary Votes FedAvg (Model) + Secure Retrieval

Formalism S(x) =
∑

ωiVi(x) wt+1 =
∑ nk

n wt+1
k

Knowledge
Emergence

Discrete, Confirmed Proposition Dynamic, Context-Aware Text

Privacy Focus None (Focus on Validity) Data Localization, Secure Retrieval
Output Type Boolean (crystallized/not) Natural Language Generation

8.40.4 G.5.4 Key Differences

Knowledge Persistence: CT produces persistent, crystallized knowledge that remains valid until
decay or contradiction. FedRAG produces ephemeral, query-specific outputs—each generation is a
fresh synthesis.

Aggregation Target: CT aggregates confirmations (binary votes on propositions). FedRAG aggre-
gates model parameters (Stage 1) and retrieved documents (Stage 2).

Validation Model: CT explicitly validates knowledge through multi-contributor consensus. FedRAG
implicitly validates through retrieval relevance and model confidence, but lacks explicit community
confirmation.

Temporal Scope: CT builds persistent knowledge over time, with crystallized propositions forming
a growing knowledge base. FedRAG is fundamentally transactional—each query-response cycle is
independent.

Inference vs. Retrieval: CT explicitly rewards inference (through CIR) over mere retrieval. FedRAG
is fundamentally retrieval-based, though the LLM may synthesize retrieved content.
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8.41 G.6 Synthesis: When to Use What

8.41.1 G.6.1 Aggregation Mechanisms Summary

Framework Aggregates Preserves CT Difference

PATE Predictions Privacy CT aggregates knowledge,
not predictions

FKGE Embeddings Graph structure CT uses semantic similarity,
not entity IDs

mHC Residual streams Signal norm CT operates across
distributed contributors

FedRAG Documents + Models Query relevance CT builds persistent
knowledge

CT Confirmations Variance as signal Consensus via
triangulation

8.41.2 G.6.2 Framework Selection Guide

Use PATE when: - Training data contains sensitive personal information - Strong differential privacy
guarantees are required - Knowledge transfer to a public student model is acceptable - Label quality
from noisy voting is sufficient

Use FKGE when: - Knowledge is structured as entity-relation triples - Participants hold incomplete,
overlapping knowledge graphs - Continuous embeddings are suitable for downstream tasks - Entity
alignment across participants is tractable

Use FedRAG when: - Knowledge is encoded in natural language documents - Real-time, query-
specific responses are needed - Document privacy must be preserved during retrieval - Generation
grounded in retrieved evidence is the goal

Use mHC when: - Designing neural network architectures with parallel streams - Stability during
forward/backward propagation is critical - Computational efficiency in deep networks is prioritized -
Single-network, non-distributed setting applies

Use Crystallization Theory when: - Multi-contributor consensus validation is required - Disagree-
ment (variance) is informative, not just noise - Persistent, evolving knowledge bases are needed -
Inference quality should be explicitly rewarded over retrieval - Knowledge validity matters more than
privacy

8.41.3 G.6.3 Key Insight: The Role of Privacy and Consensus

The most significant distinction across these frameworks is the relationship between privacy and
consensus:

1. Privacy-Constrained Frameworks (PATE, FKGE, FedRAG): These frameworks treat
privacy as a primary constraint that shapes aggregation mechanisms. Noise is added
(PATE), data remains local (FKGE), or secure computation is employed (FedRAG) to
protect individual contributions.

2. Validity-Focused Framework (CT): Crystallization Theory treats validity as the primary
objective. Consensus is explicitly sought and published. The “noise” is genuine disagree-
ment among contributors, which serves as signal rather than something to mask or overcome.

3. Stability-Focused Architecture (mHC): mHC treats signal preservation as the primary
objective, using manifold constraints to ensure stable aggregation without information loss.

8.41.4 G.6.4 CT’s Unique Contribution

Crystallization Theory’s unique contribution is the explicit reinforcement loop (CIR) that links
knowledge utility back to contributor reliability. While PATE, FKGE, and FedRAG aggregate model
parameters, predictions, or documents, CT aggregates confirmations and uses the outcome to update
the source’s credibility.

This creates a self-improving system where: - Contributors who consistently align with crystallized
consensus gain influence - Complex inferences (not mere retrievals) are explicitly rewarded - The
knowledge base becomes more robust over time as reliable contributors are identified
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No other framework in this comparison includes such an explicit feedback mechanism linking
knowledge validity to source credibility.
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Appendix H: Empirical Validation Protocol

Note: References in this appendix use numeric format. References [12], [13]
correspond to main paper references for LoCoMo and TRAM respectively.

The proposed Crystallization Theory (CT) and its implementation via the Communal Inference
Reinforcement (CIR) framework require rigorous empirical validation to demonstrate efficacy in
fostering knowledge emergence through multi-contributor confirmation. This appendix details a
reproducible protocol designed to meet IJCAI/NeurIPS/ACL 2025 reproducibility standards, enabling
independent replication of all reported results.

8.43 H.1 Dataset Preparation

8.43.1 H.1.1 Stack Overflow Data Source

The validation utilizes the Stack Exchange Data Dump, publicly available under CC BY-SA 4.0
license:

Primary Source: - URL: https://archive.org/details/stackexchange - Mirror:
https://academictorrents.com/details/9132fa0997b430e863d3e053509a263c54ce12f3
- Format: 7z-compressed XML files per site - Recommended dump: December 2024 or later for
reproducibility

Data Files Required:

stackoverflow.com-Posts.7z # Questions and answers
stackoverflow.com-Users.7z # User metadata
stackoverflow.com-Comments.7z # Comment threads
stackoverflow.com-Tags.7z # Tag definitions
stackoverflow.com-Votes.7z # Voting history

8.43.2 H.1.2 Selection Criteria

The test set will be constructed using the following SQL-equivalent filter criteria (implementable via
the extracted XML or Stack Exchange Data Explorer):

-- Test set selection query
SELECT
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q.Id AS QuestionId,
q.Title,
q.Body AS QuestionBody,
q.Tags,
q.CreationDate,
q.ViewCount,
q.Score AS QuestionScore,
q.AcceptedAnswerId,
COUNT(DISTINCT a.Id) AS AnswerCount,
COUNT(DISTINCT c.Id) AS CommentCount

FROM Posts q
JOIN Posts a ON a.ParentId = q.Id AND a.PostTypeId = 2
LEFT JOIN Comments c ON c.PostId = q.Id OR c.PostId = a.Id

WHERE

q.PostTypeId = 1 -- Questions only
AND q.CreationDate >= '2024-01-01' -- Post-cutoff (T_KB)
AND q.CreationDate < '2024-07-01' -- 6-month window
AND q.ViewCount >= 1000 -- High engagement (V_min)
AND q.Score >= 5 -- Quality threshold
AND q.AcceptedAnswerId IS NOT NULL -- Has accepted answer
AND q.Tags LIKE '%python%' -- Primary tag filter
AND q.ClosedDate IS NULL -- Not closed/duplicate

GROUP BY q.Id

HAVING COUNT(DISTINCT a.Id) >= 3 -- Minimum 3 answers (A_min)
ORDER BY q.ViewCount DESC

LIMIT 2000; -- Initial candidate pool

Selection Rationale: - ViewCount >= 1000: Ensures questions represent genuine community inter-
est - Score >= 5: Filters low-quality or spam questions - AnswerCount >= 3: Enables meaningful
multi-contributor analysis - Tags LIKE '%python%': Python focus for consistency; generalizable
to other tags - 2024-01-01 cutoff: Ensures temporal separation from knowledge base

8.43.3 H.1.3 Synthetic Contributor Generation

To simulate the multi-contributor crystallization process from Stack Overflow’s inherently single-
source accepted answers, we implement the following algorithm:

Algorithm H.1: Synthetic Contributor Generation

Input: Question q with answers A = {a_1, a_2, ..., a_n}, accepted answer a*
Output: Contributor set C = {c_1, c_2, ..., c_m}

1. EXTRACT answer segments:
For each a_i in A:

segments_i = sentence_split(a_i.body)
code_blocks_i = extract_code(a_i.body)

2. CLUSTER semantically similar segments:
all_segments = union(segments_i for all i)
clusters = agglomerative_cluster(

embeddings = sentence_bert(all_segments),
threshold = 0.75 # cosine similarity

)

3. GENERATE synthetic contributors:
For each cluster k:

c_k.knowledge = representative_segment(cluster_k)
c_k.confidence = mean(answer_scores in cluster_k) / max_score
c_k.timestamp = min(creation_dates in cluster_k)

4. VALIDATE coverage:
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Assert jaccard_similarity(
union(c.knowledge for c in C),
a*.body

) >= 0.80 # 80% coverage requirement

5. RETURN C with m >= 3 contributors

Key Parameters: - Sentence embedding model: all-MiniLM-L6-v2 (Sentence-BERT) - Clustering
threshold: 0.75 cosine similarity - Minimum contributors per question: 3 - Coverage requirement:
80% of accepted answer content

8.43.4 H.1.4 Dataset Statistics

Expected Dataset Characteristics:

Statistic Expected Value Range

Total test questions 1,000 800-1,200
Questions per difficulty tier 333 each -
Mean answers per question 4.2 3-15
Median answer length (tokens) 450 100-2,000
Mean code blocks per answer 2.1 0-10
Tag distribution (Python focus) 85% Python-tagged -
Secondary tags pandas (23%), django (15%), numpy (12%) -
Mean synthetic contributors 5.3 3-12
Temporal span of answers 14 days median 1 hour - 3 years

Difficulty Stratification: - Tier 1 (Easy): Single-concept questions, direct API usage - Tier 2
(Medium): Multi-step solutions, integration patterns - Tier 3 (Hard): Cross-domain synthesis,
architectural decisions

8.44 H.2 Experimental Design

Figure 14: Empirical Validation Pipeline

8.44.1 H.2.1 Systems Under Test

Three primary systems will be evaluated under identical conditions:
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System Description Core Mechanism Configuration

CS
(Proposed)

Crystallization System
with CIR and Core
Memory

Communal Inference
Reinforcement

CIR weight decay = 0.95,
crystallization threshold =
0.7

RAG
Baseline

Standard
Retrieval-Augmented
Generation

Dense retrieval + LLM
generation

Top-k = 5, chunk size =
512 tokens

FT-LLM
Baseline

Fine-tuned Large
Language Model

Parametric knowledge LoRA fine-tuned on SO
training split

Common LLM Backbone: All systems use Llama-3-8B-Instruct to isolate architectural differences
from model capability differences.

8.44.2 H.2.2 Controlled Variables

Variable Control Method Value

LLM backbone Identical model weights Llama-3-8B-Instruct
Temperature Fixed 0.7
Max generation length Fixed 1024 tokens
Knowledge base Identical corpus SO posts before 2024-01-01
Inference hardware Standardized NVIDIA A100 40GB
Random seed Fixed per trial 42, 123, 456 (3 trials)

8.44.3 H.2.3 Independent and Dependent Variables

Independent Variables: - System type (CS, RAG, FT-LLM) - Question difficulty tier (Easy, Medium,
Hard) - Number of synthetic contributors (3, 5, 7+)

Dependent Variables: - Correctness (F1 against accepted answer) - Inference Score (I) - synthesis
vs. retrieval - Crystallization Score (C) - multi-contributor agreement - Novelty Score (N_SO) -
distance from existing answers - Context efficiency (R) - as defined in main paper

8.45 H.3 Metrics and Formulas

8.45.1 H.3.1 Primary Metrics

Table 50: Primary evaluation metrics

Metric Formula Target Baseline (Expected) Significance Test

Correctness
(F1)

F1 = 2 · P ·R
P +R >= 0.85 RAG: 0.78, FT-LLM:

0.72
McNemar’s test

Inference
Score (I)

I(a) = λq · (1−R(a))
where R(a) =
1
k

∑k
i=1 max ROUGE-L

>= 0.60 RAG: 0.35, FT-LLM:
0.55

Wilcoxon
signed-rank

Crystallization
Score (C)

C(a) =
2

M(M−1)

∑

i<j Mcons(a′
i, a′

j)
>= 0.75 N/A (CS only) One-sample t-test

Novelty
Score
(N_SO)

NSO = 1−
maxakb

cos(emb(a), emb(akb))
>= 0.40 RAG: 0.25, FT-LLM:

0.45
Wilcoxon
signed-rank

Context
Efficiency
(R)

R = P ×Ci

U (per main
paper)

>= 3.0 RAG: 1.5, FT-LLM:
2.0

Wilcoxon
signed-rank

Metric Computation Details:

1. Correctness: Token-level F1 computed after stopword removal and lemmatization. Code
blocks evaluated separately using CodeBLEU.
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2. Inference Score: λq complexity factor derived as:

λq = 0.5 + 0.1 · |tags|+ 0.05 · log(|body|)

3. Crystallization Score: Semantic similarity via Sentence-BERT embeddings:

Mcons(a′
i, a′

j) = cos(SBERT(a′
i), SBERT(a′

j))

8.45.2 H.3.2 Secondary Metrics (Human Evaluation)

A panel of P = 5 domain experts (professional software engineers with 5+ years experience) will
evaluate a stratified random sample of 10% of test questions (N = 100).

Evaluation Protocol: 1. Blind presentation of system outputs (randomized order) 2. 5-point Likert
scale ratings for each criterion 3. Inter-rater reliability target: Krippendorff’s alpha >= 0.70

Criterion Description Scale Anchors

Coherence Logical flow and structure 1=Incoherent, 5=Perfectly
structured

Completeness Addresses all question aspects 1=Missing key parts,
5=Comprehensive

Actionability Practical utility of solution 1=Unusable, 5=Immediately
applicable

Code Quality If applicable, code correctness 1=Broken, 5=Production-ready

8.46 H.4 Statistical Analysis Plan

8.46.1 H.4.1 Power Analysis

Primary Hypothesis Test: McNemar’s test for correctness improvement

Effect Size Assumption: - Expected discordant cell proportions: p_12 = 0.20 (CS correct, baseline
incorrect), p_21 = 0.10 (CS incorrect, baseline correct) - Odds ratio: OR = p_12/p_21 = 2.0 (moderate
effect)

Sample Size Calculation: Using the formula for McNemar’s test (Machin et al., 2009):

n =
(zα/2 + zβ)2

(p12 − p21)2
· (p12 + p21)

For alpha = 0.05 (two-tailed), power = 0.80 (beta = 0.20): - z_0.025 = 1.96, z_0.20 = 0.84 - n = ((1.96
+ 0.84)ˆ2 / (0.20 - 0.10)ˆ2) * (0.20 + 0.10) - n = (7.84 / 0.01) * 0.30 = 235.2

Minimum sample size: N = 250 questions per comparison

With planned N = 1,000, we achieve power > 0.95 for detecting the hypothesized effect.

8.46.2 H.4.2 Significance Tests

Comparison Test Rationale

Correctness (binary) McNemar’s exact
test

Paired binary outcomes on same
questions

Inference Score (continuous) Wilcoxon
signed-rank

Non-normal distribution expected

Crystallization Score One-sample t-test
vs. threshold

Testing if mean exceeds 0.75

Novelty Score Wilcoxon
signed-rank

Paired continuous, potentially
skewed

Human ratings Friedman test +
Nemenyi post-hoc

Multiple systems, ordinal data
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8.46.3 H.4.3 Multiple Comparison Correction

With 5 primary metrics and 2 baseline comparisons, we perform 10 significance tests.

Correction Method: Benjamini-Hochberg procedure (FDR control) - Target FDR: q = 0.05 -
Procedure: Rank p-values, reject H_0 for p_i <= (i/m) * q

This provides better power than Bonferroni while controlling false discovery rate.

8.47 H.5 Benchmark Integration

8.47.1 H.5.1 External Benchmark Evaluation

In addition to the Stack Overflow protocol, we evaluate on established benchmarks to enable compar-
ison with prior work:

Benchmark Citation Task Metrics Expected N

LoCoMo Maharana et al.,
ACL 2024

Long-term
conversa-
tional
memory
QA

Accuracy, Event
F1

300 dialogues, ~600
turns each

LongMemEval Wu et al., ICLR
2025

Multi-
session
reasoning,
temporal
reasoning

Accuracy across
5 subtasks

500 questions

TRAM Wang & Zhao,
ACL 2024

Temporal
reasoning
(order,
duration,
frequency)

Per-task
accuracy

526K questions
(subset: 5K)

8.47.2 H.5.2 Benchmark-Specific Adaptations

LoCoMo Adaptation: - Map synthetic contributors to dialogue participants - Use event graphs as
ground truth for crystallization validation - Report: Single-hop QA accuracy, Multi-hop QA accuracy,
Event summarization F1

LongMemEval Adaptation: - Focus on temporal reasoning and knowledge update subtasks -
Measure abstention rate on unanswerable queries - Report: Per-subtask accuracy, overall accuracy,
abstention precision

TRAM Adaptation: - Use duration and frequency subtasks most relevant to knowledge decay -
Evaluate temporal ordering of crystallized facts - Report: Accuracy on temporal ordering, duration
estimation

8.48 H.6 Reproducibility Artifacts

All code and data artifacts are released at: https://github.com/[redacted]/crystallization-validation
under Apache 2.0 license. The repository includes: preprocessing scripts, baseline implementations
(RAG, FT-LLM), full Crystallization System code, benchmark adapters (LoCoMo, LongMemEval,
TRAM), statistical analysis scripts, and human evaluation interface. Total compute requirement: ~36
GPU hours on NVIDIA A100 (~$150 USD cloud cost). Full environment specifications and setup
instructions are provided in the repository README.

8.49 H.7 Ethical Considerations

Stack Overflow data is used under CC BY-SA 4.0 license with required attribution to the Stack
Exchange community. Privacy protections include: using only post IDs (not usernames), automated
PII detection for emails/API keys/paths, and filtering controversial content. We verify no LLM
training data overlap with test set (post-2024 cutoff), report environmental impact (compute and
carbon footprint), and analyze performance across categories to detect systematic biases.
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8.50 H.8 Expected Results and Hypotheses

8.50.1 H.8.1 Primary Hypotheses

H1 (Inference Superiority): The Crystallization System achieves significantly higher Inference
Score than both baselines. - Expected: I_CS >= 0.60 vs. I_RAG ~ 0.35, I_FT ~ 0.55 - Test: Wilcoxon
signed-rank, alpha = 0.05

H2 (Crystallized Quality): CS achieves comparable or higher Correctness while exhibiting high
Crystallization Score. - Expected: F1_CS >= F1_RAG, C_CS >= 0.75 - Test: McNemar’s test (F1),
one-sample t-test (C)

H3 (Novelty Generation): CS generates solutions with higher semantic distance from existing
answers. - Expected: N_CS >= 0.40 vs. N_RAG ~ 0.25 - Test: Wilcoxon signed-rank, alpha = 0.05

8.50.2 H.8.2 Success Criteria Summary

Criterion Threshold Must Pass

Correctness F1 >= 0.80 Yes
Inference Score improvement > 0.15 vs. best baseline Yes
Crystallization Score >= 0.70 Yes
Novelty Score improvement > 0.10 vs. best baseline No (exploratory)
Human coherence rating >= 4.0/5.0 Yes
Statistical significance p < 0.05 (FDR-corrected) Yes
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